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ABSTRACT

This papercompareghe resultsfor streamingalong a single ray direction from
linear discontinuoudinite element(DFEM) discretization®f the transportequationusing
both Galerkinand Petrov-Galerkinweight functions. The utility of a slopelimiter to re-
move extremafrom the transportsolutionis investigatedasanalternatve to massumping
of theremoval operatorthelatterprocedurentroducessignificantnumericaldiffusionand
candestroythefidelity of the solution. Resultsarepresentedor singleray propagatiorn
slabgeometryandtwo-dimensiona(2D) planargeometry

1. INTRODUCTION

An algorithmfor solving the time-dependenthermalradiationtransportequation
usingdiscontinuousinite element¢DFEMs)for thespatialvariationandadiscrete-ordinate
like angulardiscretizatiorhasbeendevelopedby theauthor(Smedlg-Stevenson2000and
Smedlg-Stevenson200F). The solutionof thetransporiequationis requiredfor unstruc-
tured meshesf quadrilateralggeneratedy Lagrangianandarbitrary Lagrange-Eulerian
(ALE) hydrodynamicgalculationsfor planargeometryin bothtwo andthreedimensions
andalso2D axi-symmetricgeometry

Thisis coupledto amasdumpedcontinuoudinite elemeni{ CFEM) solutionof the
time-dependentaterialenegy equationby linearizingthe thermalemissionsourceterm
usingthelinearizedmulti-frequeng grey method(Morel, 1996)for multi-groupproblems.
Theaimisto beableto performhigh-fidelity coupledradiationhydrodynamicsimulations
by linking this radiationtransportmoduleto a shockphysicscode.

Thiscomputationahlgorithmwill bevalidatedagainsbenchmarlsolutionsof ther
mal radiationproblems(seefor exampleSuandOlson(1997)). Prior to commencinghis
validationeffort it wasdecidedo studythefidelity of singleray propagatiorwith reference
to the work of Mathewns (1999). This raisesseriousissuesconcernedvith the fidelity of
DFEM spatialdiscretization®of thetransportequation.



1.1 Ray propagation

In spatiallydiscretizingthe transportequationit is reasonabléo askhow well can
the discreteschememodel the transportof particlesthroughthe mesh. Do the particles
propagatealongstraight-linesndependenof the spatialmeshor do distortionspresenin
the spatialgrid undulyinfluencetheflow. It is likely thattheray will be smearedn space
asit propagatessary discretizationschemehasa tendeng to washout singularitiesin
the initial and/orboundaryconditionsand producesmoothsolutions. This may leadto
the generatiorof negative intensitieson eithersideof theray dueto undershootsut these
shouldbe heavily dampedso thatthey do not persistfor morethana few cell widths on
eithersideof theray.

A relatedquestionis the accurag of the attenuatiorof the ray dueto the removal
operatorandalsothesmearingutof thewavefrontshapeover spacgequialentto asmeas
ing over time). For this latterdifficulty it is possibleto drav ananalogywith the problem
of adwectingconcentratiordistributionsfor speciesnoving throughthe computationatio-
main in fluid dynamicssimulations. The wealth of researchn this relatedfield canbe
exploited to provide methodsfor improving the fidelity of the solution of the transport
equation althoughto the authors knowledgethe crosspollenationbetweertheseentirely
separatealisciplineshasnotbeenheavily exploitedin the past.

Thispaperconcentrateenthefidelity of thesolutionof thetransporequatioralong
a singleray directionfor DFEM discretizationsn vacuumand purely absorbingmedia,
highlighting the relative advantagesand disadantagesof Galerkin and Petros-Galerkin
weighting of the transportequationfor single ray propagation. This is fundamentako
establishinghe accurag of ary algorithmusedto solve thetransportequation.

Potentialimprovementdo thefidelity of the solutionareconsideredThe presence
of singularitiesin the boundaryand/orinitial conditionsaswell asthosearising due to
the geometry(the presencef obstructionsn the flow) canleadto the generatiorof false
extrema. A slopelimiter canbe appliedto the DFEM solutionin an attemptto remove
falseextremafrom the solutionof thetransportequationandthe utility of this approachs
investigated.

Slabgeometryinvestigationsndicatethatthis hasthe potentialto produceaccurate
solutions. The constructionof multi-dimensionaklopelimiters for DFEM discretizations
on unstructuredneshef finite elementsvith additionaldegreesof freedome.g.quadri-
lateralsand hexahedrais beinginvestigated.Initial resultsare presentedor a simplistic
slopelimiter in orderto demonstrat¢hetechnique.

2. SPATIAL DISCRETISATIONS

The steady-statéransporiequationcanbe written asfollows,
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wherey is the photonintensity Q is thedirectionof particlepropagatiorandr is theloca-
tion in spaceg is thetotal cross-sectioffor removal of photondrom thebeam(assumedo
beisotropic)andSis a sourcetermwhich includescontributionsfrom both thermalemis-
sionandinscatterinto the beam. The spatiallydiscretizedorm of the equationis derived
asfollows.

A discontinuousdinite elementDFEM) spatialdiscretizations constructedor the
spatialvariationof intensityandthe sourcein eachof the discretepropagatiordirections
Qnm of thediscreteordinatemethod.
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where@ (r) arethe shapgunctionswithin the elemenibtainedoy anisoparametri¢rans-
formation from the local elementco-ordinates.The unknovns Ynmi, Sy arelocatedat n
specificlocationswithin eachcell (specificallyfor linear approximationghe valuesare
locatedat the vertices)andareuniqueto eachelement.

A weightedresidualapproachis usedto derive the setof discreteequations.For
eachelementhetransporequatioris multiplied by asetof weightfunctionsw;(r) (oneper
unknown) andintegratedover the cell volume. Two differentchoicesof weightfunction
areconsidered.

2.1 Galerkin weighting

Galerkinweightingcorrespondso choosingthe weightfunctionto be the sameas
thefinite elementshapefunctionswi(r) = @ (r) andleadsto the standardinear discontin-
uousfinite elementmethod.For isoparametriquadrilaterafinite elementghis methodis
referredo asthebi-lineardiscontinuou¢BLD) methodwhenappliedto orthogonameshes
(Morel, 1993).

Thestreamingermis integratedby parts,corvertingthevolumeintegralintoaterm
involving the gradientof the weightfunctionintegratedover the elementvolume,together
with anintegral over the surfaceof theelement,

n
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Thesurfacantegralis evaluatedusingthe valuesdefinedon the upwind sideof eachinter-
face.
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2.2 Petrov-Galerkin weighting

Petrav-Galerkinweightingwhich correspondso thechoicew (r) = @(r) +6~Qn-
O@i(r) which leadsto thefollowing discretization,
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In this caseonly thefirsttermin theweightfunction hasbeenintegratedby partsto ensure
thatonly first derivativesappeain this equation. The surfaceintegral is identicalto that
for Galerkinweightingandis evaluatedsimilarly.

Thisis equivalentto a Galerkindiscretizatiorof thescatteringsourcdterationform
of theself-adjointangularflux (SAAF) secondordertransporiequation(Morel, 1999),

~Q-0(o(r) Q- Oy(r, Q) + o(n)w(r,Q) = Sr.Q) - Q- O(o(r)~1sr,Q))  (6)

The upwind biasintroducedinto the weight function removesthe instabilitiesassociated
with Galerkin weighting for non self-adjointoperatorssuch asthe the streamingopera-
tor. This allows robustsolutionsto be generatedising CFEMswhilst alsoimproving the
positity of the solutionobtainedby usingdiscontinuouslements.

For the transportequation,the coeficient in the upwind term hasbeenchosento
completelyeliminatethe streamingterm in favour of the secondorder streamlinediffu-
sion term. Petros-Galerkinweighting hasalso beenappliedto more generalnon-linear
cornvectiondiffusionproblemsjeadingto the stream-linaupwind Petros-Galerkin(SUPG)
method(Brookes,1982)usedto solve the EulerequationsusingCFEMSs.

2.3 Timedependence

Time dependenproblemsare solved by usingbackwardEuler time differencing,
which allows the time dependenequationsto be corvertedinto the sameform as the
steady-statequationswith suitably modified cross-sectionsFor the Galerkinweighted
equationdt is possibleto uselinear discontinuoudinite elementyLDFEM) for the time
variation (Wareing,1999)in orderto derive a schemewhich is secondorderaccuratean
time; for Petros-Galerkinweighting, this leadsto the productof two deltafunctionsand
consequentlpnly first ordertime differencingwill be consideredn this case.

24 Masslumping

The DFEM discretization®f thetransporiequationconsideredn this paperdo not
producestrictly positive solutions. For thermalradiationproblemspositvity of the mean
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intensityis importantin orderfor the solutionof the materialenegy equationto produce
physicallymeaningfutemperaturedn multi-dimensionghe propagatiordirectionsareno
longeralignedwith thespatialmeshwhichleadsto undershootalongtheedgesf therays
(althoughtheseareexpectedto belesspronouncedor Petros-Galerkinweighting).

An additionaldifficulty for thermalradiationproblemsis thatit is not possibleto
resole spatialscalesdown to a meanfree pathin typical problems,so the differencing
schemeaneeddo berobustfor large opticaldepthcells. Oncethe optical depth(t) exceeds
a certainnumberof meanfree pathslinear elementsare unableto accuratelyresohe the
gradientwithin the cell andit is nolongerpossibleto maintainthe positiity for the outgo-
ing intensities A slabgeometryanalysisfor a steady-statpureabsorbeindicateshatthis
occursfor T > 3 for Galerkinweightingandt? > 6 for Petros-Galerkinweighting.

Thesimplestapproacho overcomingthesedeficienciess to masdumptheremoval
operatorin the discreteequationgMorel, 1992),togetherwith the correspondingource
termon theright handsideof thetransportequationfor consisteng. As theresultsin this
paperwill shav, lumping hasthe desiredeffect but at the costof significantly degrading
the accurag of transientsolutionsby smearingthe profile of the ray and perturbingthe
propagatiordirection.

MasslumpedsolutionsusingPetrov-Galerkinweightingaresignificantlymoreac-
curatein termsof the amountof attenuationfor opaquecells comparedwith Galerkin
weighting,althoughneithersolutionis very accuratebeyond a few meanfree paths. This
becomedessimportantoncethe radiationfield equilibrateswith the material,absorption
andre-emissiordriving the propagatiorof the radiationfront ratherthandirect transmis-
sionthroughthe medium.

An alternatve strat@y is proposedasedntheuseof slopelimitersto suppresshe
growth of unphysicalextremain the hopethatthis will be sufficientto provide robustness
while maintainingthe accurag of theradiationtransportsolution. Restrictingmassump-
ing to opaquecells may be the bestcompromisethat canbe achiezed betweerrobustness
in theseregionsandaccurag in transparenpartsof the problem.

2.5 Diffusion limit behaviour

Both schemesorrespondo accurateCFEM discretizationsof the radiationdif-
fusion equationin the interior of diffuseregions, with an approximateEddingtontensor
whoseaccurag dependson the choiceof the discreteordinatequadratureset. For the
Petros-Galerkin discretizationthe diffusion limit analysisis trivial, while an analysisof
the Galerkinweightedschemandicatesthatwith massumpingthis correspondso a dis-
cretizationof thediffusionequatiorwith thegradientermaveragedverthecell (Smedlg-
Stevenson200().

At theboundanbetweertransparerdindunresoledoptically thick diffuseregions,
the amountof radiationpenetratinghe diffuseregion is sensitve to the spatialdiscretiza-
tion. For the Galerkindiscretizationthe solutionin the interior of unresoled diffusere-
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gionsis remarkablyaccuratdrrespectve of the angleof incidence the error beinglimited
to thefirst cell within theregion.

ThePetrov-Galerkindiscretizatiorexhibits similar behaiour to the CFEM solution
of the even parity equation(Adams,1991). Large errorsare presentin the amountof
radiationpenetratingheregion for radiationwhichis obliquelyor normallyincident. This
deficieny is still presenfor the SAAF secondrdertransporequatiorfor bothcontinuous
anddiscontinuoudinite elementiscretizations.

3. SLOPE LIMITERS

The constructionand applicationof slopelimiters hasbeenstudiedlargely in the
context of piecavise constanapproximation®n regularorthogonaimesh.Somework has
alsobeenperformedior discontinuoudinite elementsn determiningslopelimiters which
boundthe total variation (TV) of the solution as part of the Runge-Kitta discontinuous
Galerkin(RKDG) methodfor non-linearconvectionproblems(Cockhurn, 1999).

In multi-dimensionstheslopelimiters constructedor theRKDG methodarebased
ontheuseof linearfinite element®n orthogonamesheswheretheunknovnsarethemean
valueandgradientsup to the orderof the requiredapproximation.For meshesomposed
of trianglesor hexahedrathe unknaovnsarelocatedalongthe sidesof the elementsandin
eithercasethefinite elementshapdunctionsarechoserto be mutually orthogonal.

Theconstructiorof slopelimitersin slabgeometryis arelatively simpleprocessas
thereareno additionaldegreesof freedomwithin the elements.The samelimiter canbe
appliedirrespectve of whetherthe unknovnsaretakento be centeredat specificlocations
in the elementor a setof mutually orthogonafinite elementasisfunctionareused.

3.1 Slab geometry slope limiter

The TVBM (total variationboundedn the means)generalizatiorof the slopelim-
iter /\I‘I% from the RKDG methodis studiedin this paper Thisis basednalessrestrictve
form of the slopelimiter from the MUSCL schemeof Van Leer, with a modifiedminmod
functionwhichallows for aboundedamountof curvaturein thesolution(Cocklurn,1999).
Numericalexperimentationrhasshavn that of all the slab geometrylimiters describedn
thisreferencethis producesuperiorresults.

The valuesof the function u obtainedby applying the /\I'I% slope limiter to the
discontinuougpiecaviselinearfunctionv aregivenby

U1/ =i+ MV g0 =YY = Vi1, Vip1 = Vj) (7)
N e L v T v AR v v
Ui_1/p = Vi =MV} = V15,V = Vj-1,Vj4+1-Vj) (8)
wherev arethe cell averagedvaluesandv}f_l/2 andvj‘+1/2 arethe valuesat the left and

right edgesof cell j. Thisis valid for uniform meshspacingsut is easilygeneralizedo
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the caseof non-uniformmeshes.
Theminmodfunctionm is definedasfollows:

SMiNi<n<m|an| if S=sign(ay) =--- = sign(am),

m(as, -, am) = { 0 otherwise ©

andthetotal variationbounded TVB) correctedninmodfunctionm is definedasfollows:

a if |ag| < M(Ax)?,

m(az,---,am) oOtherwise (10)

m(al’...’am) — {
whereM is a given constantwhich is anupperboundon the absolutevalue of the second
derivative of the solutionatlocal extrema,estimatedrom theinitial conditions.This mod-
ification is importantfor the adwectionof the Gaussiarprofile asit preventserosionof the
peakvalueby disablingthelimiter for smoothextrema.

Alternative proceduredave alsobeeninvestigatedy the authorincluding the in-
clusionof an artificial diffusion term, with the amountof dissipationchosenso that the
total variationof the solutiondoesnot increase.This producesexcessdissipationrelative
to the useof the slopelimiter describedabore andis not consideredurther.

3.2 Multi-dimensional slopelimiters

In multi-dimensionsthe generalizatiorof the slopelimiter derivedfor the RKDG
methodto the isoparametridinite elementdrom the Lagrangianmeshis not straightfor
ward,dueto the extra degreesof freedomthattheseelementdiave in termsof thevariation
of the solutionwithin eachelement.

A modifiedslopeis determinedy limiting thecell averagedyradientwith respecto
thelocal valuesof the gradientobtainedirom the meanvaluesin surroundingelementsin
two dimensionsauniquebi-linearfunctioncanbe constructedrom thecell averagedvalue
andtwo meanvaluesdefinedin cellson adjacensides,the meanvaluesbeingassumedo
belocatedatthe centroidof eachelemeni{andsimilarly in threedimensiondasednthree
cellsacrossadjacentaces).

An averagels takenof all thegradientsvhich canbe definedasabove. This senes
to definethe orientationof the modified slope. The magnitudes determinedoy a gener
alizationof the schemeusedin slabgeometry The cell averagedyradientandeachof the
individual gradientsaredottedinto this direction. The magnitudeof the modifiedgradient
is definedby theapplyingthe minmodfunctionto thesevalues.

As in the slab geometrycase,it is possibleto allow greaterflexibility by using
the TVB correctedninmodfunctionm. The gradientconstructedn this mannerprovides
greaterflexibility with extremabeingallowed to develop while constrainingthe amount
of curvaturein theresultingsolution. Theresultspresentedn this paperarebasedon the
standardninmodfunction obtainedby settingM = 0, astheinitial solutionis setequalto
zerofor theray propagatiortests.
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The nodal valueswithin the elementare reconstructedasedon the meanvalue
andthe modifiedslope. For linear finite elementshe nodesare chosenso thatthe cross-
derivative terms(uyy, Uxz anduyz) vanishwhenintegratedovertheeachcell. Thisleadsto a
systemof four linearequationsn eachquadrilaterakelementsolved directly by Gaussian
elimination. The curvatureof the solutionwithin the elementis removed, suppressinghe
extra degreesof freedom,irrespectve of whetherthe slopeis changed.Diffusionterms
within eachelementare suppressedh the DFEM discretizationandif this provesto be
undesirablenalternatve stratg)y shouldbedeveloped.

4. WAVE PROPAGATION TESTS

The propagatiorof wave profilesis studiedin slabgeometryin orderto gainan
insightinto the systematidoehaiour of therelationshipbetweernthe spatialandtemporal
differencingschemeskFor propagatiorthroughvacuumin slabgeometrythesolutionswith
GalerkinandPetrov-Galerkinweightingaresimilar (the latteris dominatedoy the explicit
streamingterm on the right-handside of the equation)and for concisenesshe Petros-
Galerkinsolutionsarenot reproducedn this section.

A fixedtimestepcdt = 0.1 is usedto advect Gaussiarandstepprofiles20 cellsto
theright (the cell width dx = 1 andthe directioncosinep = 1). Figure 1 shaows thatthe
resultsfor the Gaussiarprofile, which is significantly diffusedfor backwardEuler time
differencing.Time resohed solutionscanbe obtainedby usingthe LDFEM timestepping
schemeor cutting the timestepby roughly an order of magnitude. Theseare unafected
by the modifiedslopelimiter describedn section3.1. For the stepprofile shavn in figure
2 significantunderand overshootsdevelop asthe time dependenbehaiour is resolhed.
Applying theslopelimiter to theresultssuppressethe growth of theseextrema.

\ 1
oaf \ ]

Fig. 1: LDFEM (green)versusbackwardEuler differencing(red) for the adwvectionof a
Gaussiarprofile.

At this point it is worth making a few generalobsenationsaboutthe solutions
obtainedfor absorbingmedia.Fundamentallytheinclusionof absorptionn the equations
doesnot leadto any additionaldifficulties. However, the timestepneedsto be restricted
for bothformsof thetransporequationastheopacityof thecellsis increasedirrespectve
of the order of the temporaldifferencing). The error in the total amountof attenuation
depend®onthetimestepandthe cross-section.
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Fig. 2 As figure 1 for a stepprofile, with the slopelimiter applied(right).

The useof large timestepsan the GalerkinweightedDFEM equationdeadsto an
unphysicakeductionin thepropagatiorvelocity of the profile astheamountof attenuation
increaseskor Petros-Galerkinweightingunphysicafgradientslevelopwithin eachcell for
thestepprofile, althoughthe phasevelocity is unafected.

This sectionconcludedy illustrating the effect of masslumping the removal op-
eratoron the adwection of the Gaussiarand stepprofiles (seefigure 3). The numerical
diffusionintroducedby lumping retardsthe propagationvelocity, leadingto the develop-
mentof a distinctfront to backasymmetryin the solutions.

Fig. 3 Solutionsobtainedby lumpingtheremoval operator

4.1 2D ray propagation

Mathens (1999) compareghe resultsfor ray propagationn 2D planargeometry
througha strongly attenuatingmedium, for a variety of discretizationsof the first order
transportequationincluding DFEM and characteristichasedapproaches Significantly
his resultsshow thatthe diamonddifferenceapproximatiorwithoutthe negative flux fixup
procedurdeadsto lateraloscillationswhich areundampedelative to theintendedray.

His studiesof DFEM methodsarerestrictedto consideringhe unlumpedGalerkin
weightedDFEM discretizatiorof thefirst ordertransportequationfor orthogonameshes,
usinglinear discontinuouqLD) and bi-linear discontinuougBLD) finite elements.The
LD resultsshav alargebut rapidly dampedscillationto theleft of theray, while theBLD
methodleadsto betterray quality with a small negative troughon eitherside but no sign
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of oscillations. For both methodsthe ray propagatesn almostthe right directionandthe
amountof attenuatiorastheray exits themeshis in errorby only 6%.

In thispaperadditionalDFEM resultsareobtainedbasedn Petrov-Galerkinweight-
ing andthe effect of masslumping the removal operator(in orderto improve the positiv-
ity of the solution)is demonstratedIn additionto the steady-statdehaiour, the time-
dependenpropagatiorof the ray is considered.The smoothingof the singularity in the
boundaryconditionsover spacdas equialentto smearingout the arrival of the signalover
time for time dependenproblemsandthis hasimportantimplicationsfor the accurag of
theschemeavhencomparingwith benchmarlsolutions.

The problemconsistsof propagatinga ray througha purely absorbingmedium(a
square25 unitswide) with cross-sectiow = 1 which is modeledusinga 50x 50 meshof
squarecells. Thedirectionof ray is takenfrom the level-symmetricS, quadraturesetand
hasdirectioncosinesy = 0.35000212andQy = 0.8688903.It entersthroughthe bottom
boundaryof thecell closestto theorigin.

The various DFEM schemesare abbreviated as follows: G correspondgo the
Galerkinweightschemenwhile PG correspondso Petras-Galerkinweighting,SL indicates
thattheslopelimiter describedn section3.2 hasbeenappliedto the DFEM solutionatthe
endof eachtimestep(the steady-stateesultsareobtainedrom thetime-dependertoding)
andL indicatesthatmasdumping hasbeeninvokedfor theremoval operator

The applicationof a slopelimiter to modify the gradientsof the DFEM solution
hassimilarities with the non-linearfixes appliedto ensurestability and/or positiity for
otherdiscretization®f the transportequation.In thesemethodsa non-linearcorrectionis
appliedto the solutionwithin thecell basedon upwindinformation.By contrastthe slope
limiter approachmakesuseof informationaboutthe solutionin neighbouringcellsin both
theupwindanddownwind directionsto limit thegradientsan the DFEM solution.

Figure4 comparesteady-stateesultsfor theray propagation.Thesegraphsshow
thevalueof theflux alongthetop edgeof thecells,normalizedrelative to theexactamount
of attenuationfrom row to row. The orientationof the plots is chosenso that the ray
direction correspondgo the vertical axis. Galerkinand Petrov-Galerkinweighting both
produceasharpray, with undershootto eitherside. The Galerkinresultsaremoreaccurate
bothin termsof the propagatiordirectionandthe overall amountof attenuation.

The applicationof the slopelimiter significantlyreduceghe magnitudeof the un-
dershootswvithout significantly perturbingthe ray direction. The amountof smoothingof
thepeakof theray canbecontrolledby varyingthedetailsof thelimiter. For the slopelim-
iter describedn this paperthe curvatureof the solutionwithin eachelements suppressed.
ThePetros-Galerkinformulationreducego avariantof the Galerkindiscretizationconse-
guentlyfor atime resohedsolutionthe two setsof resultsareindistinguishable.

The effect of masdumpingis bothto smeartheray out over spaceandperturbthe
ray direction,while significantlyunderpredictingtheamountof attenuationThesmearing
of theray is morepronouncedvith Petrov-Galerkinweighting. The errorin the numberof
particlesleaving the meshis presentedn table 1. Theray travels 28.77 meanfree paths
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Steadystatesolutionof the attenuatingay propagatiorproblem
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acrosghemesh soevenwith masdumpingthe attenuations reasonablyvell predicted.

Tablel Particlesflux outof thetop of the meshrelative to theexactvalue.

scheme %ageof exactvalue scheme %ageof exactvalue
G 93.5 PG 83.5

G-SL 74.5 PG-SL 74

LG 285 LPG 153

Investigatinghe detailsof the solutionit is clearthatthe slopelimiter hastheeffect
of dggradingthe amountof attenuatiorcloseto the sourceby reducingthe accurag of the
gradientsascalculatedby the DFEM method. The overall accurag is still reasonabldut
locally theaccurayg of thesolutioncanbedegraded.

The benefitof applyingthe slopelimiter is moreclearly seenby studyingthetran-
sient propagationbehaiour. It is easierto visualizethe resultsby rotating the plots so
thattheray directionlies in the planeof the page.Figures5 and6 shav theray afterit has
propagate@0and40 cell widthsrespectrely. Thesolutionsarecalculatedusingbackward
Eulertime differencingwith an adaptve time steppingschemewhich attemptsto control
theerrorin thesolution.

Significantoscillationsdevelopaheadf the wavefrontwhensolvingthe unlumped
equations.This is a consequencef the backwardEuler differencing. The crosssection
is replacedby a o+ 1/(cdt) wherecdt is the distancethe signalcanpropagateduringthe
currenttimestep.Thephysicalinterpretatioris thatthe positionof thewavefrontis updated
by exponentially attenuatingthe solution over this distancein an attemptto obtain the
correctpropagatiorvelocity. For smalltimestepsthelinearapproximatiorof the gradient
leadsto undershootgsimilar to thosethat develop for large optical depthcells) andthe
front of the wave is characterizedby theseoscillations.

The masslumpedsolutionssmearthe wavefront significantly over spacen an at-
temptto maintainthe positivity of the solutionby usinga strictly positive but lessaccurate
approximatiorfor the exponentialdecay Due to underestimatinghe amountof attenua-
tion, masdumpingallows a significantfraction of the signalto propagatealistancegreater
thancdt. With theslopelimiter thewavefrontis significantlysteepeandvery few particles
areallowedto propagateaheadf the correctpositionof thewave.

5. CONCLUSIONS

Slabgeometryresultsfor theadvectionof variousprofilesindicatethatthe Galerkin
DFEM discretizatiorof the time dependentransportequationproducesaccurateanswers
for smoothprofiles,but if therearediscontinuitiesn theinitial profile (or from thebound-
ary conditions)theselead to the creationof new extremain the DFEM solution. It is
possibleto suppresshe growth of theseextremaby applyinga slopelimiter to the finite
elementsolutionat the endof eachtimestep.
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The DFEM discretizationof the streamingoperatorleadsto undershoot®n either
side of theray in two-dimensions.Comparedwith Galerkinweighting, Petros-Galerkin
weightingis not asaccuratan termsof the total amountof attenuatiorbut for transient
problemsit leadsto animprovedwavefrontprofile. Slopelimiting is effective at suppress-
ing boththe undershooten eithersideof theray andoscillationsat the headof the wave-
front for transientproblems. More sophisticatedslopelimiters are desirablefor general
unstructureaneshesandthisis left asatopic for futureresearch.

Theeffectof masdumpingis toimprove thepositvity of thesolutionattheexpense
of significantlydegradingthe accurag of the transportsolution. In multi-dimensionghis
leadsto significantsmearingof the ray profile and producedarge errorsin the amountof
attenuatiorandthe locationof the wavefrontin transientproblems. Consequentlymass
lumping shouldnotbeinvokedunlesst is essentiafor robustness.

It could be arguedthat the problemsconsideredn this paperall containstrong
singularitiesandthereforeemphasiz@aworstcasescenario.Theseypesof singularitiesare
notuncommorin generatransporproblemsandit is desirabldor thesolutionalgorithmto
performreasonablyvell for eventhemostdifficult caseslt is possibldfor theseundesirable
featuresto be presentin the angularflux while still producingan apparentlyreasonable
scalarflux distribution.
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