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ABSTRACT

This papercomparesthe resultsfor streamingalong a single ray direction from
lineardiscontinuousfinite element(DFEM) discretizationsof thetransportequationusing
both GalerkinandPetrov-Galerkinweight functions. The utility of a slopelimiter to re-
move extremafrom thetransportsolutionis investigatedasanalternativeto masslumping
of theremoval operator;thelatterprocedureintroducessignificantnumericaldiffusionand
candestroythefidelity of thesolution.Resultsarepresentedfor singleray propagationin
slabgeometryandtwo-dimensional(2D) planargeometry.

1. INTRODUCTION

An algorithmfor solving the time-dependentthermalradiationtransportequation
usingdiscontinuousfiniteelements(DFEMs)for thespatialvariationandadiscrete-ordinate
like angulardiscretizationhasbeendevelopedby theauthor(Smedley-Stevenson,2000and
Smedley-Stevenson,2000a). Thesolutionof thetransportequationis requiredfor unstruc-
turedmeshesof quadrilateralsgeneratedby LagrangianandarbitraryLagrange-Eulerian
(ALE) hydrodynamicscalculationsfor planargeometryin bothtwo andthreedimensions
andalso2D axi-symmetricgeometry.

This is coupledto amasslumpedcontinuousfinite element(CFEM)solutionof the
time-dependentmaterialenergy equationby linearizingthethermalemissionsourceterm
usingthelinearizedmulti-frequency grey method(Morel, 1996)for multi-groupproblems.
Theaimis to beableto performhigh-fidelitycoupledradiationhydrodynamicssimulations
by linking this radiationtransportmoduleto a shockphysicscode.

Thiscomputationalalgorithmwill bevalidatedagainstbenchmarksolutionsof ther-
mal radiationproblems(seefor exampleSuandOlson(1997)).Prior to commencingthis
validationeffort it wasdecidedto studythefidelity of singleraypropagationwith reference
to thework of Mathews (1999). This raisesseriousissuesconcernedwith thefidelity of
DFEM spatialdiscretizationsof thetransportequation.



1.1 Ray propagation

In spatiallydiscretizingthetransportequationit is reasonableto askhow well can
the discreteschememodel the transportof particlesthroughthe mesh. Do the particles
propagatealongstraight-linesindependentof thespatialmeshor do distortionspresentin
thespatialgrid unduly influencetheflow. It is likely that theray will besmearedin space
asit propagatesasany discretizationschemehasa tendency to washout singularitiesin
the initial and/orboundaryconditionsandproducesmoothsolutions. This may lead to
thegenerationof negative intensitieson eithersideof theray dueto undershootsbut these
shouldbe heavily dampedso that they do not persistfor morethana few cell widths on
eithersideof theray.

A relatedquestionis theaccuracy of theattenuationof the ray dueto the removal
operatorandalsothesmearingoutof thewavefrontshapeoverspace(equivalentto asmear-
ing over time). For this latterdifficulty it is possibleto draw ananalogywith theproblem
of advectingconcentrationdistributionsfor speciesmoving throughthecomputationaldo-
main in fluid dynamicssimulations. The wealth of researchin this relatedfield canbe
exploited to provide methodsfor improving the fidelity of the solution of the transport
equation,althoughto theauthor’s knowledgethecrosspollenationbetweentheseentirely
separatedisciplineshasnotbeenheavily exploitedin thepast.

Thispaperconcentratesonthefidelity of thesolutionof thetransportequationalong
a singleray directionfor DFEM discretizationsin vacuumandpurely absorbingmedia,
highlighting the relative advantagesand disadvantagesof Galerkin and Petrov-Galerkin
weighting of the transportequationfor single ray propagation. This is fundamentalto
establishingtheaccuracy of any algorithmusedto solve thetransportequation.

Potentialimprovementsto thefidelity of thesolutionareconsidered.Thepresence
of singularitiesin the boundaryand/or initial conditionsas well as thosearising due to
thegeometry(thepresenceof obstructionsin theflow) canleadto thegenerationof false
extrema. A slopelimiter canbe appliedto the DFEM solutionin an attemptto remove
falseextremafrom thesolutionof thetransportequationandtheutility of this approachis
investigated.

Slabgeometryinvestigationsindicatethatthishasthepotentialto produceaccurate
solutions.Theconstructionof multi-dimensionalslopelimiters for DFEM discretizations
on unstructuredmeshesof finite elementswith additionaldegreesof freedome.g.quadri-
lateralsandhexahedrais beinginvestigated.Initial resultsarepresentedfor a simplistic
slopelimiter in orderto demonstratethetechnique.

2. SPATIAL DISCRETISATIONS

Thesteady-statetransportequationcanbewritten asfollows,

Ω̂ � ∇ψ
�
r � Ω̂ ��� σ

�
r � ψ � r � Ω̂ ��� S

�
r � Ω̂ � (1)

(2)



whereψ is thephotonintensity, Ω̂ is thedirectionof particlepropagationandr is theloca-
tion in space,σ is thetotalcross-sectionfor removal of photonsfrom thebeam(assumedto
beisotropic)andS is a sourcetermwhich includescontributionsfrom both thermalemis-
sionandinscatterinto thebeam.Thespatiallydiscretizedform of theequationis derived
asfollows.

A discontinuousfinite element(DFEM) spatialdiscretizationis constructedfor the
spatialvariationof intensityandthesourcein eachof thediscretepropagationdirections
Ω̂m of thediscreteordinatemethod.

ψ
�
r � Ω̂m ��� n

∑
i � 1

ψmiφi
�
r � (2)

and

S
�
r � Ω̂m ��� n

∑
i � 1

Smiφi
�
r � (3)

whereφi
�
r � aretheshapefunctionswithin theelementobtainedby anisoparametrictrans-

formation from the local elementco-ordinates.The unknowns ψmi, Smi are locatedat n
specificlocationswithin eachcell (specificallyfor linear approximationsthe valuesare
locatedat thevertices)andareuniqueto eachelement.

A weightedresidualapproachis usedto derive the setof discreteequations.For
eachelementthetransportequationis multipliedby asetof weightfunctionswi

�
r � (oneper

unknown) andintegratedover the cell volume. Two differentchoicesof weight function
areconsidered.

2.1 Galerkin weighting

Galerkinweightingcorrespondsto choosingtheweightfunctionto bethesameas
thefinite elementshapefunctionswi

�
r �	� φi

�
r � andleadsto thestandardlineardiscontin-

uousfinite elementmethod.For isoparametricquadrilateralfinite elementsthis methodis
referredto asthebi-lineardiscontinuous(BLD) methodwhenappliedto orthogonalmeshes
(Morel, 1993).

Thestreamingtermis integratedby parts,convertingthevolumeintegral intoaterm
involving thegradientof theweightfunctionintegratedover theelementvolume,together
with anintegral over thesurfaceof theelement,

n

∑
j � 1


	�
Ω̂m

�
� φ j∇φidV � � σφiφ jdV � ψmj � Ω̂m
�
�

S
φiψdS

� n

∑
j � 1


 � φiφ jdV � Smj (4)

Thesurfaceintegral is evaluatedusingthevaluesdefinedon theupwindsideof eachinter-
face.

(3)



2.2 Petrov-Galerkin weighting

Petrov-Galerkinweightingwhichcorrespondsto thechoicewi
�
r ��� φi

�
r ��� σ � 1Ω̂m

�
∇φi

�
r � which leadsto thefollowing discretization,

n

∑
j � 1


 � σ � 1 � Ω̂m
� ∇φ j � � Ω̂m

� ∇φi � dV � � σwiφ jdV � ψmj � Ω̂m
� �

S
φiψdS

� n

∑
j � 1


 ��� φi � σ � 1Ω̂m
� ∇φi � φ jdV � Smj (5)

In thiscaseonly thefirst termin theweightfunctionhasbeenintegratedby partsto ensure
thatonly first derivativesappearin this equation.The surfaceintegral is identicalto that
for Galerkinweightingandis evaluatedsimilarly.

Thisis equivalentto aGalerkindiscretizationof thescatteringsourceiterationform
of theself-adjointangularflux (SAAF) secondordertransportequation(Morel, 1999),�

Ω̂ � ∇ � σ � r � � 1Ω̂ � ∇ψ
�
r � Ω̂ �
��� σ

�
r � ψ � r � Ω̂ ��� S

�
r � Ω̂ � � Ω̂ � ∇ � σ � r � � 1S

�
r � Ω̂ ��� (6)

The upwind biasintroducedinto the weight function removesthe instabilitiesassociated
with Galerkin weighting for non self-adjointoperatorssuchas the the streamingopera-
tor. This allows robustsolutionsto begeneratedusingCFEMswhilst alsoimproving the
positivity of thesolutionobtainedby usingdiscontinuouselements.

For the transportequation,the coefficient in the upwind term hasbeenchosento
completelyeliminatethe streamingterm in favour of the secondorderstreamlinediffu-
sion term. Petrov-Galerkin weightinghasalsobeenappliedto more generalnon-linear
convectiondiffusionproblems,leadingto thestream-lineupwindPetrov-Galerkin(SUPG)
method(Brookes,1982)usedto solve theEulerequationsusingCFEMs.

2.3 Time dependence

Time dependentproblemsaresolved by usingbackwardEuler time differencing,
which allows the time dependentequationsto be converted into the sameform as the
steady-stateequations,with suitablymodifiedcross-sections.For the Galerkinweighted
equationsit is possibleto uselinear discontinuousfinite elements(LDFEM) for the time
variation(Wareing,1999) in order to derive a schemewhich is secondorderaccuratein
time; for Petrov-Galerkinweighting,this leadsto the productof two deltafunctionsand
consequentlyonly first ordertimedifferencingwill beconsideredin this case.

2.4 Mass lumping

TheDFEM discretizationsof thetransportequationconsideredin thispaperdonot
producestrictly positive solutions.For thermalradiationproblemspositivity of themean
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intensityis importantin orderfor thesolutionof thematerialenergy equationto produce
physicallymeaningfultemperatures.In multi-dimensionsthepropagationdirectionsareno
longeralignedwith thespatialmeshwhichleadsto undershootsalongtheedgesof therays
(althoughtheseareexpectedto belesspronouncedfor Petrov-Galerkinweighting).

An additionaldifficulty for thermalradiationproblemsis that it is not possibleto
resolve spatialscalesdown to a meanfree path in typical problems,so the differencing
schemeneedsto berobustfor largeopticaldepthcells.Oncetheopticaldepth(τ) exceeds
a certainnumberof meanfree pathslinear elementsareunableto accuratelyresolve the
gradientwithin thecell andit is no longerpossibleto maintainthepositivity for theoutgo-
ing intensities.A slabgeometryanalysisfor asteady-statepureabsorberindicatesthatthis
occursfor τ � 3 for Galerkinweightingandτ2 � 6 for Petrov-Galerkinweighting.

Thesimplestapproachtoovercomingthesedeficienciesis tomasslumptheremoval
operatorin the discreteequations(Morel, 1992), togetherwith the correspondingsource
termon theright handsideof thetransportequationfor consistency. As theresultsin this
paperwill show, lumping hasthe desiredeffect but at the costof significantlydegrading
the accuracy of transientsolutionsby smearingthe profile of the ray andperturbingthe
propagationdirection.

MasslumpedsolutionsusingPetrov-Galerkinweightingaresignificantlymoreac-
curatein termsof the amountof attenuationfor opaquecells comparedwith Galerkin
weighting,althoughneithersolutionis very accuratebeyond a few meanfreepaths.This
becomeslessimportantoncethe radiationfield equilibrateswith thematerial,absorption
andre-emissiondriving thepropagationof theradiationfront ratherthandirect transmis-
sionthroughthemedium.

An alternativestrategy is proposedbasedontheuseof slopelimitersto suppressthe
growth of unphysicalextremain thehopethat this will besufficient to provide robustness
while maintainingtheaccuracy of theradiationtransportsolution.Restrictingmasslump-
ing to opaquecellsmaybe thebestcompromisethatcanbeachievedbetweenrobustness
in theseregionsandaccuracy in transparentpartsof theproblem.

2.5 Diffusion limit behaviour

Both schemescorrespondto accurateCFEM discretizationsof the radiationdif-
fusion equationin the interior of diffuseregions,with an approximateEddingtontensor
whoseaccuracy dependson the choiceof the discreteordinatequadratureset. For the
Petrov-Galerkindiscretizationthe diffusion limit analysisis trivial, while an analysisof
theGalerkinweightedschemeindicatesthatwith masslumpingthis correspondsto a dis-
cretizationof thediffusionequationwith thegradienttermaveragedoverthecell (Smedley-
Stevenson,2000a).

At theboundarybetweentransparentandunresolvedoptically thick diffuseregions,
theamountof radiationpenetratingthediffuseregion is sensitive to thespatialdiscretiza-
tion. For theGalerkindiscretization,thesolutionin the interior of unresolveddiffusere-
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gionsis remarkablyaccurateirrespectiveof theangleof incidence,theerrorbeinglimited
to thefirst cell within theregion.

ThePetrov-Galerkindiscretizationexhibitssimilarbehaviour to theCFEMsolution
of the even parity equation(Adams,1991). Large errorsare presentin the amountof
radiationpenetratingtheregion for radiationwhich is obliquelyor normallyincident.This
deficiency is still presentfor theSAAF secondordertransportequationfor bothcontinuous
anddiscontinuousfinite elementdiscretizations.

3. SLOPE LIMITERS

The constructionandapplicationof slopelimiters hasbeenstudiedlargely in the
context of piecewiseconstantapproximationson regularorthogonalmesh.Somework has
alsobeenperformedfor discontinuousfinite elementsin determiningslopelimiters which
boundthe total variation (TV) of the solution aspart of the Runge-Kutta discontinuous
Galerkin(RKDG) methodfor non-linearconvectionproblems(Cockburn,1999).

In multi-dimensions,theslopelimitersconstructedfor theRKDG methodarebased
ontheuseof linearfiniteelementsonorthogonalmeshes,wheretheunknownsarethemean
valueandgradientsup to theorderof the requiredapproximation.For meshescomposed
of trianglesor hexahedra,theunknownsarelocatedalongthesidesof theelementsandin
eithercasethefinite elementshapefunctionsarechosento bemutuallyorthogonal.

Theconstructionof slopelimiters in slabgeometryis a relatively simpleprocessas
thereareno additionaldegreesof freedomwithin theelements.The samelimiter canbe
appliedirrespective of whethertheunknownsaretakento becenteredat specificlocations
in theelementor asetof mutuallyorthogonalfinite elementbasisfunctionareused.

3.1 Slab geometry slope limiter

TheTVBM (total variationboundedin themeans)generalizationof theslopelim-
iter ΛΠ1

h from theRKDG methodis studiedin thispaper. This is basedona lessrestrictive
form of theslopelimiter from theMUSCL schemeof VanLeer, with a modifiedminmod
functionwhichallowsfor aboundedamountof curvaturein thesolution(Cockburn,1999).
Numericalexperimentationhasshown that of all the slabgeometrylimiters describedin
this reference,thisproducessuperiorresults.

The valuesof the function u obtainedby applying the ΛΠ1
h slope limiter to the

discontinuouspiecewiselinearfunctionv aregivenby

u � j � 1� 2 � v j � m
�
v� j � 1� 2 � vj � v j

�
vj � 1 � v j � 1

�
v j � (7)

u� j � 1� 2 � v j

�
m
�
v j

�
v� j � 1� 2 � v j

�
vj � 1 � v j � 1

�
v j � (8)

wherev arethe cell averagedvaluesandv� j � 1� 2 andv� j � 1� 2 arethe valuesat the left and
right edgesof cell j. This is valid for uniform meshspacingsbut is easilygeneralizedto
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thecaseof non-uniformmeshes.

Theminmodfunctionm is definedasfollows:

m
�
a1 � ����� � am ����� smin1 � n � m �an � if s � sign

�
a1 ��� ����� � sign

�
am ���

0 otherwise
(9)

andthetotal variationbounded(TVB) correctedminmodfunctionm is definedasfollows:

m
�
a1 � ����� � am����� a1 if � a1 �� M

�
∆x � 2 �

m
�
a1 � ����� � am � otherwise

(10)

whereM is a givenconstantwhich is anupperboundon theabsolutevalueof thesecond
derivativeof thesolutionat localextrema,estimatedfrom theinitial conditions.Thismod-
ification is importantfor theadvectionof theGaussianprofile asit preventserosionof the
peakvalueby disablingthelimiter for smoothextrema.

Alternative procedureshave alsobeeninvestigatedby theauthorincluding the in-
clusionof an artificial diffusion term, with the amountof dissipationchosenso that the
total variationof thesolutiondoesnot increase.This producesexcessdissipationrelative
to theuseof theslopelimiter describedabove andis not consideredfurther.

3.2 Multi-dimensional slope limiters

In multi-dimensions,thegeneralizationof theslopelimiter derivedfor theRKDG
methodto the isoparametricfinite elementsfrom theLagrangianmeshis not straightfor-
ward,dueto theextradegreesof freedomthattheseelementshave in termsof thevariation
of thesolutionwithin eachelement.

A modifiedslopeis determinedby limiting thecellaveragedgradientwith respectto
thelocal valuesof thegradientobtainedfrom themeanvaluesin surroundingelements.In
two dimensionsauniquebi-linearfunctioncanbeconstructedfrom thecell averagedvalue
andtwo meanvaluesdefinedin cellson adjacentsides,themeanvaluesbeingassumedto
belocatedat thecentroidof eachelement(andsimilarly in threedimensionsbasedonthree
cellsacrossadjacentfaces).

An averageis takenof all thegradientswhich canbedefinedasabove. Thisserves
to definetheorientationof themodifiedslope. The magnitudeis determinedby a gener-
alizationof theschemeusedin slabgeometry. Thecell averagedgradientandeachof the
individualgradientsaredottedinto this direction.Themagnitudeof themodifiedgradient
is definedby theapplyingtheminmodfunctionto thesevalues.

As in the slab geometrycase,it is possibleto allow greaterflexibility by using
theTVB correctedminmodfunctionm. Thegradientconstructedin this mannerprovides
greaterflexibility with extremabeingallowed to develop while constrainingthe amount
of curvaturein theresultingsolution. Theresultspresentedin this paperarebasedon the
standardminmodfunctionobtainedby settingM � 0, astheinitial solutionis setequalto
zerofor theraypropagationtests.
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The nodal valueswithin the elementare reconstructedbasedon the meanvalue
andthemodifiedslope. For linear finite elementsthenodesarechosenso that thecross-
derivativeterms(uxy, uxz anduyz) vanishwhenintegratedover theeachcell. This leadsto a
systemof four linearequationsin eachquadrilateralelement,solveddirectly by Gaussian
elimination. Thecurvatureof thesolutionwithin theelementis removed,suppressingthe
extra degreesof freedom,irrespective of whetherthe slopeis changed.Dif fusion terms
within eachelementare suppressedin the DFEM discretizationand if this proves to be
undesirableanalternativestrategy shouldbedeveloped.

4. WAVE PROPAGATION TESTS

The propagationof wave profiles is studiedin slabgeometry, in order to gain an
insight into thesystematicbehaviour of therelationshipbetweenthespatialandtemporal
differencingschemes.For propagationthroughvacuumin slabgeometrythesolutionswith
GalerkinandPetrov-Galerkinweightingaresimilar (thelatteris dominatedby theexplicit
streamingterm on the right-handside of the equation)and for concisenessthe Petrov-
Galerkinsolutionsarenot reproducedin this section.

A fixedtimestepcdt � 0 ! 1 is usedto advectGaussianandstepprofiles20 cells to
the right (the cell width dx � 1 andthe directioncosineµ � 1). Figure1 shows that the
resultsfor the Gaussianprofile, which is significantlydiffusedfor backwardEuler time
differencing.Time resolvedsolutionscanbeobtainedby usingtheLDFEM timestepping
schemeor cutting the timestepby roughly an orderof magnitude.Theseareunaffected
by themodifiedslopelimiter describedin section3.1. For thestepprofile shown in figure
2 significantunderandovershootsdevelop as the time dependentbehaviour is resolved.
Applying theslopelimiter to theresultssuppressesthegrowth of theseextrema.

Fig. 1: LDFEM (green)versusbackwardEuler differencing(red) for the advectionof a
Gaussianprofile.

At this point it is worth making a few generalobservationsabout the solutions
obtainedfor absorbingmedia.Fundamentally, theinclusionof absorptionin theequations
doesnot leadto any additionaldifficulties. However, the timestepneedsto be restricted
for bothformsof thetransportequationastheopacityof thecellsis increased(irrespective
of the order of the temporaldifferencing). The error in the total amountof attenuation
dependson thetimestepandthecross-section.
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Fig. 2 As figure1 for a stepprofile,with theslopelimiter applied(right).

The useof large timestepsin the GalerkinweightedDFEM equationsleadsto an
unphysicalreductionin thepropagationvelocityof theprofileastheamountof attenuation
increases.For Petrov-Galerkinweightingunphysicalgradientsdevelopwithin eachcell for
thestepprofile,althoughthephasevelocity is unaffected.

This sectionconcludesby illustrating the effect of masslumping the removal op-
eratoron the advection of the Gaussianandstepprofiles (seefigure 3). The numerical
diffusion introducedby lumping retardsthe propagationvelocity, leadingto the develop-
mentof a distinctfront to backasymmetryin thesolutions.

Fig. 3 Solutionsobtainedby lumpingtheremoval operator.

4.1 2D ray propagation

Mathews (1999)comparesthe resultsfor ray propagationin 2D planargeometry
througha stronglyattenuatingmedium,for a variety of discretizationsof the first order
transportequationincluding DFEM andcharacteristicsbasedapproaches.Significantly,
his resultsshow thatthediamonddifferenceapproximationwithout thenegativeflux fixup
procedureleadsto lateraloscillationswhichareundampedrelative to theintendedray.

His studiesof DFEM methodsarerestrictedto consideringtheunlumpedGalerkin
weightedDFEM discretizationof thefirst ordertransportequationfor orthogonalmeshes,
using linear discontinuous(LD) andbi-linear discontinuous(BLD) finite elements.The
LD resultsshow a largebut rapidlydampedoscillationto theleft of theray, while theBLD
methodleadsto betterray quality with a small negative troughon eithersidebut no sign
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of oscillations.For both methodsthe ray propagatesin almostthe right directionandthe
amountof attenuationastherayexits themeshis in errorby only 6%.

In thispaperadditionalDFEMresultsareobtainedbasedonPetrov-Galerkinweight-
ing andtheeffect of masslumping theremoval operator(in orderto improve thepositiv-
ity of the solution) is demonstrated.In addition to the steady-statebehaviour, the time-
dependentpropagationof the ray is considered.The smoothingof the singularity in the
boundaryconditionsover spaceis equivalentto smearingout thearrival of thesignalover
time for time dependentproblemsandthis hasimportantimplicationsfor theaccuracy of
theschemewhencomparingwith benchmarksolutions.

The problemconsistsof propagatinga ray througha purelyabsorbingmedium(a
square25 unitswide) with cross-sectionσ � 1 which is modeledusinga 50 " 50 meshof
squarecells. Thedirectionof ray is takenfrom the level-symmetricS4 quadraturesetand
hasdirectioncosinesΩx � 0 ! 35000212andΩy � 0 ! 8688903.It entersthroughthebottom
boundaryof thecell closestto theorigin.

The various DFEM schemesare abbreviated as follows: G correspondsto the
Galerkinweightschemewhile PGcorrespondsto Petrov-Galerkinweighting,SL indicates
thattheslopelimiter describedin section3.2hasbeenappliedto theDFEM solutionat the
endof eachtimestep(thesteady-stateresultsareobtainedfrom thetime-dependentcoding)
andL indicatesthatmasslumpinghasbeeninvokedfor theremoval operator.

The applicationof a slopelimiter to modify the gradientsof the DFEM solution
hassimilarities with the non-linearfixes appliedto ensurestability and/orpositivity for
otherdiscretizationsof thetransportequation.In thesemethodsa non-linearcorrectionis
appliedto thesolutionwithin thecell basedonupwindinformation.By contrast,theslope
limiter approachmakesuseof informationaboutthesolutionin neighbouringcellsin both
theupwindanddownwinddirectionsto limit thegradientsin theDFEM solution.

Figure4 comparessteady-stateresultsfor theray propagation.Thesegraphsshow
thevalueof theflux alongthetopedgeof thecells,normalizedrelativeto theexactamount
of attenuationfrom row to row. The orientationof the plots is chosenso that the ray
directioncorrespondsto the vertical axis. GalerkinandPetrov-Galerkinweightingboth
produceasharpray, with undershootsto eitherside.TheGalerkinresultsaremoreaccurate
bothin termsof thepropagationdirectionandtheoverall amountof attenuation.

Theapplicationof theslopelimiter significantlyreducesthemagnitudeof theun-
dershootswithout significantlyperturbingtheray direction. Theamountof smoothingof
thepeakof theraycanbecontrolledby varyingthedetailsof thelimiter. For theslopelim-
iter describedin thispaperthecurvatureof thesolutionwithin eachelementis suppressed.
ThePetrov-Galerkinformulationreducesto avariantof theGalerkindiscretization,conse-
quentlyfor a time resolvedsolutionthetwo setsof resultsareindistinguishable.

Theeffectof masslumpingis bothto smeartheray out over spaceandperturbthe
raydirection,while significantlyunderpredictingtheamountof attenuation.Thesmearing
of theray is morepronouncedwith Petrov-Galerkinweighting.Theerrorin thenumberof
particlesleaving the meshis presentedin table1. The ray travels 28.77meanfree paths
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Fig. 4 Steadystatesolutionof theattenuatingraypropagationproblem
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acrossthemesh,soevenwith masslumpingtheattenuationis reasonablywell predicted.

Table 1 Particlesflux outof thetopof themeshrelative to theexactvalue.

scheme %ageof exactvalue scheme %ageof exactvalue
G 93.5 PG 83.5
G-SL 74.5 PG-SL 74
LG 285 LPG 153

Investigatingthedetailsof thesolutionit is clearthattheslopelimiter hastheeffect
of degradingtheamountof attenuationcloseto thesourceby reducingtheaccuracy of the
gradientsascalculatedby theDFEM method.Theoverall accuracy is still reasonablebut
locally theaccuracy of thesolutioncanbedegraded.

Thebenefitof applyingtheslopelimiter is moreclearlyseenby studyingthetran-
sientpropagationbehaviour. It is easierto visualizethe resultsby rotating the plots so
thattheraydirectionlies in theplaneof thepage.Figures5 and6 show therayafterit has
propagated20and40cell widthsrespectively. Thesolutionsarecalculatedusingbackward
Euler time differencingwith anadaptive time steppingschemewhich attemptsto control
theerror in thesolution.

Significantoscillationsdevelopaheadof thewavefrontwhensolvingtheunlumped
equations.This is a consequenceof the backwardEuler differencing. The crosssection
is replacedby a σ � 1 ' � cdt � wherecdt is thedistancethesignalcanpropagateduringthe
currenttimestep.Thephysicalinterpretationis thatthepositionof thewavefrontis updated
by exponentially attenuatingthe solution over this distancein an attemptto obtain the
correctpropagationvelocity. For small timesteps,thelinearapproximationof thegradient
leadsto undershoots(similar to thosethat develop for large optical depthcells) andthe
front of thewave is characterizedby theseoscillations.

The masslumpedsolutionssmearthewavefrontsignificantlyover spacein anat-
temptto maintainthepositivity of thesolutionby usingastrictly positivebut lessaccurate
approximationfor the exponentialdecay. Due to underestimatingtheamountof attenua-
tion, masslumpingallowsasignificantfractionof thesignalto propagatedistancesgreater
thancdt. With theslopelimiter thewavefrontis significantlysteeperandvery few particles
areallowedto propagateaheadof thecorrectpositionof thewave.

5. CONCLUSIONS

Slabgeometryresultsfor theadvectionof variousprofilesindicatethattheGalerkin
DFEM discretizationof thetime dependenttransportequationproducesaccurateanswers
for smoothprofiles,but if therearediscontinuitiesin theinitial profile (or from thebound-
ary conditions)theselead to the creationof new extremain the DFEM solution. It is
possibleto suppressthegrowth of theseextremaby applyinga slopelimiter to the finite
elementsolutionat theendof eachtimestep.

(12)
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Fig. 5 Solutionof theattenuatingraypropagationproblemfor ct � 10
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Fig. 6 Solutionof theattenuatingraypropagationproblemfor ct � 20
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TheDFEM discretizationof thestreamingoperatorleadsto undershootson either
sideof the ray in two-dimensions.Comparedwith Galerkinweighting,Petrov-Galerkin
weighting is not asaccuratein termsof the total amountof attenuationbut for transient
problemsit leadsto animprovedwavefrontprofile. Slopelimiting is effectiveat suppress-
ing boththeundershootson eithersideof theray andoscillationsat theheadof thewave-
front for transientproblems. More sophisticatedslopelimiters are desirablefor general
unstructuredmeshesandthis is left asa topic for futureresearch.

Theeffectof masslumpingis to improvethepositivity of thesolutionattheexpense
of significantlydegradingtheaccuracy of thetransportsolution. In multi-dimensionsthis
leadsto significantsmearingof theray profile andproduceslargeerrorsin theamountof
attenuationandthe locationof the wavefront in transientproblems.Consequently, mass
lumpingshouldnotbeinvokedunlessit is essentialfor robustness.

It could be arguedthat the problemsconsideredin this paperall containstrong
singularitiesandthereforeemphasizeaworstcasescenario.Thesetypesof singularitiesare
notuncommonin generaltransportproblemsandit is desirablefor thesolutionalgorithmto
performreasonablywell for eventhemostdifficult cases.It is possiblefor theseundesirable
featuresto be presentin the angularflux while still producingan apparentlyreasonable
scalarflux distribution.

6. ACKNOWLEDGEMENTS

The authorwould like to acknowledgethe assistanceof Andrew Barlow in the
ComputationalPhysicsgroupat AWE for providing help andadviceon the construction
of multi-dimensionalslopelimiters. I would alsolike to thankChrisPain in theCompu-
tationalPhysicsandGeophysicsdepartmentat Imperial College for sharinghis ideason
possiblemechanismsfor improving thefidelity of DFEM solutionsof the transportequa-
tion.

7. REFERENCES

Adams,M.L., 1991.Even-parityfinite-elementtransportmethodsin thediffusionlimit.
Prog. in Nucl. Energy, 25, 159–198.

Cockburn, B., 1999. DiscontinuousGalerkin Methodsfor Convection-Dominated
Problems.In: Barth, T.J., Deconinck,H. (Eds.),High-Order Methodsfor Computa-
tional Physics, Springer, pp. 69–224.

Brooks,A.N., andHughes,T.J.R.,1982.StreamlineUpwind/Petrov-GalerkinFormula-
tionsfor ConvectionDominatedFlowswith ParticularEmphasisontheIncompressible
Navier-StokesEquations.Comput.Meths.in Appl. Mechs.andEng.,32, 199–259.

(15)



Mathews, K.A., 1999. On thePropagationof Raysin DiscreteOrdinates.Nucl. Sci.
Eng., 132, 155–180.

Morel, J.E.,Dendy, Jr., J.E.,andWareing,T.A., 1993.Dif fusion-AcceleratedSolution
of theTwo-DimensionalSn Equationswith Bilinear-DiscontinuousDif ferencing.Nucl.
Sci.Eng., 115, 304.

Morel, J.E.,Wareing,T.A., andSmith,K., 1996.A Linear-DiscontinuousSpatialDif-
ferencingSchemefor Sn Radiative TransferCalculations.JCP, 128, 445–462.

Morel, J.E.,andMcGhee,J.M., 1999. A Self-Adjoint Angular Flux Equation.Nucl.
Sci.Eng., 132, 312–325.

Smedley-Stevenson,R.P. Studiesof DeterministicTransportMethodsfor ThermalRa-
diation on UnstructuredMeshes. In Proc. Int. Topl. Mtg on Advancesin Reactor
PhysicsandMathematicsandComputationinto theNext Millennium, Pittsburgh,PA,
USA, 7-12May 2000.

Smedley-Stevenson,R.P., 2000a. ThermalRadiationTransporton UnstructuredFinite
ElementMeshes.Trans.ANS, 83, 243–246.

Su,B., andOlson,G.L., 1997.An Analytical Benchmarkfor Non-EquilibriumRadia-
tiveTransferin anIsotropicallyScatteringMediumAnn.Nucl. Energy, 24, 1035.

Wareing,T.A., Morel, J.E., and McGhee,J.M. A Dif fusion SyntheticAcceleration
Methodfor theSN EquationsWith DiscontinuousFinite ElementSpaceandTime Dif-
ferencing.In Proc. Int. Topl. Mtg on MathematicsandComputation,ReactorPhysics
andEnvironmentalAnalysisin NuclearApplications,Madrid,Spain,September1999.

(16)


	Papers

