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ABSTRACT

The family of nonlinear weighted flux methods for solving the transport equation is derived for
2D Cartesian geometry. A linear polynomial weight is considered. An asymptotic diffusion
limit analysis is performed on the discretized method. The analysis reveals conditions on the
weight necessary for an accurate approximation of the diffusion equation. As a result, we
developed a new weighted flux method, the equations of which give rise to the diffusion
equation in optically thick diffusive regions. Numerical results are presented to confirm the
theoretical results and demonstrate performance of the proposed method.
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1. INTRODUCTION

The nonlinear weighted flux (NWF) methods for solving the transport equation belong to a group of
nonlinear projective-iterative (NPI) methods. These are also known as projected discrete ordinates (PDO)
methods [1]. The NPI methods are defined by a system of nonlinearly coupled high-order and low-order
problems that is equivalent to the original linear transport problem. The equations of NPI methods are
closed by a defining of linear-fractional factors. These factors are weakly dependent on the angular flux.
NPI methods possess certain advantages for their use in multiphysics applications. NPI methods have some
flexibility in coupling, for instance, radiative transfer and hydrodynamics equations. For stability, the
low-order equations of these methods need not be discretized consistently with the spatial discretization of
the transport equation. Examples of NPI methods are the quasidiffusion (QD) method [2], flux methods
[3-5], a-weighted methods [6], nonlinear So-like methods [7, 8] and others [1]. These methods differ from
each other by the definition of the low-order equations which results in differences in features of these
methods. In this paper, we derive new low-order equations of the flux methods such that the resulting
discretized NWF method has the desired properties of an accurate approximation of the diffusion equation
in the diffusion limit and fast convergence [9].

The low-order problem of the QD method is an elliptic one, i.e. the solution in any spatial point depends on
the solution in all other points. However, when particles stream without scattering in some direction, the
nature of the relationship of the solution amongst various spatial points is different and based on the
properties of the hyperbolic differential operator of the transport equation. The low-order equations of the
flux and a-weighted methods are formulated for the partial scalar fluxes and possess such a feature. The
flux methods have been used successfully, for instance, to solve electron transport problems with highly
anisotropic scattering and radiative transfer problems [10].



Loren Roberts and Dmitriy Anistratov

In many cases, practical radiative transfer problems contain optically thick diffusive regions in which the
leading-order transport solution satisfies the diffusion equation. An asymptotic analysis has been
previously developed to assess a discretized method’s ability to reproduce the diffusion equation in
diffusive regions [9, 11, 12]. This analysis also determines the leading-order boundary condition for the
resulting diffusion equation for the case of numerically unresolved boundary layers of the diffusive region.
The structure of the flux method equations is similar to that of the transport equation. This asymptotic
analysis can be well utilized in the development of the NWF methods with these necessary properties.

Recently, a new parameterized family of NWF methods for the 1D slab geometry transport equation was
proposed [13]. The asymptotic diffusion analysis enabled us to determine a particular method of this
family the solution of which satisfies a good approximation of both the diffusion equation and asymptotic
boundary condition in the diffusive regions. Note that none of the a-weighted nonlinear methods possesses
this combination of properties. The convergence properties of this method are close to the properties of the
diffusion-synthetic acceleration (DSA) and QD methods.

In this paper, we consider the NWF methods for 2D Cartesian geometry and analyze them to derive a
method that possesses a combination of properties necessary for producing accurate numerical solutions of
multidimensional transport problems with diffusive regions. We present a NWF method derived with a
polynomial weight function whose leading-order solution reproduces an accurate discretization of the
diffusion equation in the diffusion limit. Numerical results are presented to illustrate the method’s
properties.

The remainder of this paper is organized as follows. The family of 2D NWF methods is formulated in Sec.
2. The discretization of the proposed methods is presented in Sec. 3. In Sec. 4, we describe the asymptotic
diffusion analysis of the NWF methods in continuous and discrete forms. In Sec. 5, the numerical results
are presented. We conclude, in Sec. 6, with a discussion on the developed methods.

2. FORMULATION OF THE FAMILY OF 2D NWF METHODS

Let us consider the one-group steady-state transport equation in 2D Cartesian geometry with isotropic
scattering and source:
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o 0
Qo V) + g in in

Y ox y
=7, Q), Q-i<0, 7HedD, Q)

To derive the low-order equations of the NWF family of methods, we operate on the transport equation (1)
by Yim [, w(Qa, Qy)(o)dﬁ over spherical angular quadrants wy,, m = 1,...,4, where w({;, () is a
weight function and

Jos, dS3

B fwm w(QﬂU?Qy)dﬁ .

The family of 2D NWF methods are then defined by the following high-order problem for the angular flux
1) and low-order problem for the partial scalar fluxes ¢,,, = fwm Pd§Q:

3)

Tm

0 0 1 1
Qx%w(k+l/2) + aniyw(k+1/2) +Utw(k+1/2) — EO_S¢(1€) + Eq; (4)
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with the following boundary conditions for the low-order equations (7)-(11):
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Standard notations are used. k is the iteration index.

The iterative process is defined by the following three stages:

1. A transport sweep to calculate the angular flux 1/J(k+1/ 2) (Eq. 4)).
2. The calculation of the factors G 7/%) and F,?;(Hlm from ) (*+1/2) (Egs. (5)-(6)).

3. Solving the low-order problem (Egs. (7)-(15)) for ¢£,’f“) using Gng/Q) and FT%(HW).

On the first iteration (k = 0) the transport sweep is not performed. The factors G%/ 2 and Fﬁfb(m) are

calculated using an isotropic angular flux.
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3. DISCRETIZATION OF THE NWF METHODS

The structure of the operator of the low-order NWF equations has some features that make them similar to
the transport equation. This enables one to use transport differencing methods as a basis for development
of a discretization of the low-order NWF equations.

We consider orthogonal spatial grids
Tip12 = Ti—1jp+ Az, i=1,...,Ny; 210=0, 25,412 =X,

Yjiv12 = Yj—1/2 T Ayj G =1,....Nys y12=0, yn, 412 =Y.
The low-order equations are discretized by the lumped bilinear-discontinuous (BLD) method [14, 15]. The
BLD approximation of the partial scalar fluxes in the (¢, j)-cell is
2 2 4
Om(T,Y) = Pmiij + Tm(x — TPt Tw(y —Yj) P+ m(iﬁ — i) (Y = Yj)bprij» (16)

where z; and y; are midpoints of the corresponding intervals. The discretized low-order equations of the
NWF method are:
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VoV AY; (Fy, z+1/2,]¢%¢,i+1/2,j - F?fz,i—l/2,j¢gn,i—1/2,]) + Oyvy Aa:z(Ffjl i ]+1/2¢m,i,j+1/2
+Ff7/1 i7j_1/2¢m i,j—1/2 m@](ﬁm,z,])‘i‘at %, mz,]¢mZ]A$szj Axiij(O's i,j(ﬁ?j_i‘qz!j) , (19)
OV Ay; (Fy, z+1/2,j¢$n,i+1/2,j + FTQ;L,ifl/Q,jqbfn,ifl/Q j - 2Fy, zj¢m w) + oy Axi(Fy u+1/2¢m i,j+1/2

+Fr€z,i,j—1/2¢i1,i,jfl/2 mz]¢m1])+Ut:i7ij7i,j¢frzi,ijiij = ZAxiij(Us,i,j¢i?+qi?) ; (20)
i=1,...,Ny, j=1,...,N, m=1,...,4,

where
v=vi=1, v;=vy=-1, (21)
v=vi=1, v=vl=-1. (22)
The BLD auxiliary equations are given by
Prit1/2, = Prig+ Pl > P3,i-1/2,j = P3,ij — ¢§i,j )
Yy Y Yy _
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T T _ ry
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G2i—1/2,j = D2,ij — éf)gm ) Paiv1/2,) = Pajij + Qﬁi,j )
Yy Yy _
¢27'L*1/2 ] ¢2 Z 2717j ) ¢47'L+1/27] - ¢4 7’7] + ¢4717] )
G2 j+1/2 = P25 T ¢2¢j ) Paij—1/2 = Pajij — 9254 i,j )
€T €T
¢2,i,j+1/2 ¢2 N + ¢2 0,70 ¢4,i,j71/2 ¢4 % 4,1,] (23)
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Lumping parameters are denoted by 6, Yo, and d,, (o« = z, ). The standard BLD equations are obtained
by setting the lumping parameters to 3, 1, and 3, respectively. For mass-lumped BLD, the parameters
become 1, 1/3, and 1/3. For fully lumped BLD, the parameters all have values of 1.

The transport equation is approximated by the method of short characteristics [16—18], from which the
factors are calculated on vertices. Cell-average factors, F7, ; ; and G, 5,5, are calculated as averages of
factors evaluated on the four cell vertices. Face-average factors F« and F' . jijh1/2> Ar€ averages of

m,i+1/2,5
the two nearest vertex values.

4. ANALYSIS OF ASYMPTOTIC DIFFUSION LIMIT
4.1 NWF Methods in Continuous Form

To meet the diffusion limit, the leading-order solution of the low-order equations (7)-(10) must give rise to
the diffusion equation [11, 12]. In order to develop a NWF method that satisfies this condition, we perform
an asymptotic diffusion limit analysis of the low-order equations of the NWF methods for general weight
w(§2, Qy) under the assumption that the angular flux is isotropic. Then, the factors are

Gn=1, F,%:F%, a=x,y, m=1,...,4,

Fo - ym/\Q (R, 2, dQ//dQ (24)

Wm

where

The analysis shows that the leading-order solution of the low-order equations (7)-(10) satisfies the
following second-order PDE in the interior of the optically thick diffusive region:

L[ mme) @ 1000 1/ -5\ 0 19g
1 <mZ:1(Fm)>8xat8x 2 mZ:1(Fm) oy or Oy

1

Ox oy Oy 87/07 ox

W~ |
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(FyEY — F§FY + F§FY - FPEY) (81% L 219 )
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The equation (25) results in the diffusion equation and hence the leading-order solution satisfies the
diffusion equation, if the following five conditions are met:

N |
122 (Fa) =3, (26)
m=1
1 - 1
1R =3, @7
m=1
FYEY — FSFY + FSFY — FJE) =0, (28)
3
Ff+Ff -y Fr=0, (29)
m=2
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2 4
D= Fh=0. (30)
m=1 m=3

The results of this analysis allow an evaluation of NWF methods with various weights. Note that if a
weight satisfies only Eqgs. (28)-(30), then Eq. (25) leads to a diffusion-like equation with a wrong diffusion
coefficient, D.

Let us consider methods with a general linear weight function of directional cosines
w(Qy, Qy) =14 B2|Q] + By 31
For the weight (31) and specified above ranges for the partial fluxes (i.e. wy,), we get
m=1,...,4, (32)
where _ )
5 _2t35(8+320)
1+ 1(8: + By)

Note that the use of a general constant term in (31) will not result in a different NWF method.

(33)

The above five requirements (26)-(30) are met if the following two conditions on the weight (31) are true:

/BLB:ﬁy:ﬁa (34)

where \f \f
T™V3(v3-2)
Q(W(\/gi 02 ~ —2.43. 35)

The weight (31) and parameter 5 determine a specific method within the family of NWF methods for
which the low-order equations lead to the correct diffusion equation in the diffusion limit provided that the
factors are calculated with an isotropic angular flux. The low-order equations of methods with w = 1,

w = |Qg| + |Qy], and w = 1 + |Qy| + |, give rise to a diffusion-like equation, but with a wrong
diffusion coefficient. The values of the diffusion coefficients for these methods are shown in Table 1.

6=

Table 1. Values of the Diffusion Coefficients (D) for Specific NWF Methods

Weight w =1 w=|Qy [+ | w=1+H [+HQy | w=14 /(2 HQy )
1 +2\2 1 1 4457\2 1 1 1
D 4oy (ﬂgw ) ot 7 3.360¢ ( 127r7r) o 7 3.660; 304

4.2 NWF Methods in Discretized Form

We now perform an asymptotic diffusion limit analysis of the NWF methods approximated by means of the
discretization described above (see Sec. 3) on a uniform rectangular spatial grid. The analysis showed that
the equation for the leading-order solution can be reduced to a diffusion-like equation provided that in the
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cells at the interior of the interfaces of the thick diffusive regions, cell-average factors and downstream
face-average factors are defined by the corresponding downstream vertex value, namely, given by:

Giij = Grizi/2,541/2 »
G2y = Gai—1/2+1/2 5
Gsij=G3i-1/2j-1/2
Gaij=Guait1/2,5-1/2 + (36)

i = Fliviyes = Flijre = Flivizgo2

anz] = FQ()fi—l/Q,j = FQOfi,jH/Q = F2Oji—1/2,j+1/2 )

Fig = Fyinjoy = Fjorye = Ficajag-1/2

Fiig = Fliviye; = Fiijore = Flivija-1/2 - G7)
If these conditions are met, then the low-order NWF equations discretized by the BLD method lead to the

same discrete equation for the leading-order solution as the BLD discretization of the transport equation
[12]. However, the resulting discretized diffusion equation has the diffusion coefficient

D=—, (38)

and hence in general it is not a correct one. In case of the weight w($2,, Q) = 1 + B(|Q2| + [£2y
have F? = % and obtain the right diffusion coefficient.

), we

We now analyze the behavior of the discretized NWF methods in the presence of a boundary layer that is
not resolved by the spatial grid. The asymptotic analysis of the boundary-layer solution of the transport
equation in the differential form showed that the leading-order scalar flux meets the following boundary
condition [20]:

Iy =2 [ Wit S (X, D, (39)
71-02<0
Wi(p) = \fuﬂ(u) ~ 0.956p + 1.56542 (40)

where H (1) is the Chandrasekhar H-function for a purely scattering medium.

Let us consider the boundary condition at z = X, where 77 = €,.. The analysis of the discretized NWF
methods revealed that on the boundary of an optically thick diffusive region the leading-order scalar flux is
defined by

272 [w(|Q2z,ml, ’Qy,m’)mm,mu wm(ﬁm)Cm

0  @0m<0
Neyj —

) (41)
Z w(|Q,m |, [Qy,m ) Q,m |Cm

mewi

where (,,, are quadrature weights. The equation (41) approximates the following boundary relationship in a
continuous form:

ANX) =2 [ TRl 12 DXy D, (“2)
e (121,192, )19
117 Tw | x
W (1], 1) = ’ = 43)
Jo, (1921, [2y])[€2|d2
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The asymptotic analysis of other boundaries, for instance at y = 0, results in a similar expression.

We now examine the resulting weight function in the boundary condition, W (||, €2y
methods. For the NWF method with w(€2,, 2,) = 1 (the first flux method), we get

), for various NWF

W()) = 20| (44)
For the case w(€),, ) = || + |2, , the boundary weight function is

—~ 3
W (0], [Qy]) = (190> + 192, || ]
2+

1.833[|%[* + [€2y[1€2%] - (45)

Q

The weight w(§25, ) = 1 + |Q| + [€,| results in the boundary weight function

—~ 67
W], 1)) = 5W+4[!Qx|+\Qx!2+!QyHQxH
~  0.956[|Qu| + Q)% + [2y]|Q0]] - (46)

If w(Qy, Q) =1+ 5 (|Q] +1€2y]) , we have

— 1 2 -
WL 1) = [5+8C0)] (19 + AP + 51010

—1.209]Qy| + 2.942]9,|? + 2.942|Q, ||, ] . (47)

Q

The transport equation’s boundary weight function (40) depends only on p = |7i - ﬁ\, which for the
boundary considered is |€2;|. Note that the resulting boundary weight functions for the considered weights,
w(y, ), each differ from the polynomial approximation of W (u). Higher order polynomial weights
may be considered, but they are not necessary to produce the asymptotic diffusion equation and will
introduce third-order and higher terms into the asymptotic boundary condition that do not exist in the
analytic result of the transport equation. The following section presents numerical results that enable one to
compare and analyze the properties of different NWF methods.

5. NUMERICAL RESULTS

We present numerical results of two test problems to demonstrate the performance of the proposed 2D
NWF method with weight w (€2, ) = 1 + 5(|Q| + [Qy]). The first problem is designed to test the
diffusion limit performance of the method in the interior of a diffusive region. The second problem
investigates both the diffusion limit and the boundary condition properties of the method. We also show the
results for the NWF methods with weights w(Q, Q) = 1, w(Qg, Q) = |Qy| + |Q,| and

w(Qa, y) =14 Q] + |y .

Note that the factors in the NWF methods involve integration over individual quadrants of the angular flux
multiplied by polynomials of directional cosines. Taking into account this fact, we use Gauss-type
quadratures [19], namely, the compatible quadruple-range quadrature with an equal number of azimuthal
angles on each polar cone.
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Problem 1

We consider a unit square having oy = 1/¢, 0, = ¢,and ¢ = ¢ fore = 1072,1073,1074,107° [12]. Note
that as € — 0 the domain becomes more and more diffusive. A uniform spatial mesh of 19x19 equal cells

is used with vacuum boundary conditions. The angular discretization is 9 directions per octant, 3 per polar
level. A relative pointwise convergence criterion of 10~ is used.

Tables II and III show measures of the error of the NWF methods’ solutions in Problem 1 as compared to
the fine-mesh numerical solution obtained by the QD method. Note that the low-order equations of the QD
method give rise to the diffusion equation in diffusive regions. The low-order QD equations are discretized
by means of a finite-volume method of second-order accuracy. The QD solution accurately reproduces the
solution of this problem. Relative errors of the cell-average scalar flux in the cell located at the center of the
domain are listed in Table II. The relative errors of the solution in the Ly-norm are shown in Table III.
These results demonstrate that the NWF method with the weight w(€2, ) = 1 4+ B(|Q%| + [€2y])
reproduces the maximum of the solution with small errors, especially in case of extremely diffusive
regions. The proposed method also has the smallest relative errors in the Ly norm. Larger errors of the
NWF method with other weights w(£2;, §2,) are explained by the fact that the equations of these methods
lead to the diffusion equation with a wrong diffusion coefficient (Eq.(38) and Table I) in the interior of
diffusive regions.

Problem 2

We consider a boundary layer problem 0 < z,y < 11 having 0y = 0, = 2, Az = 0.1, and ¢ = 0 from
0<zx<lando; =0, =100, Ax =1,and ¢ = 0 from 1 < x < 11 (Ay = 1 everywhere). There is an
isotropic incoming angular flux with magnitude i on the left boundary and vacuum on the rest. The
angular quadrature set and convergence criterion are the same as in Problem 1. This problem tests a
method’s ability to reproduce an accurate diffusion solution in the interior of a diffusive region with a
spatially unresolved boundary layer.

Figure 1 shows the overall performance of the methods in an unresolved boundary layer problem. The
scalar flux from the low-order problem along the middle of the spatial domain at y = 5.5 is plotted where
the cell-average values are displayed in solid and the face-average values are in outline form. The red curve
represents the fine-mesh solution obtained by the QD method. Figure 2 demonstrates the absolute value of
the relative errors of the low-order scalar flux with respect to the fine mesh solution. Note that at the right
boundary (x=11) the solution is very small (¢ = 3.724 x 1075). It results in an increase of the relative error
at x=11. The presented results show that the NWF method with the smallest errors in the diffusive region
with highly anisotropic angular flux coming from the purely absorbing region is the method with the
weight w = 1+ B(|Q| + [€2]).

6. CONCLUSIONS

A parameterized family of nonlinear weighted flux methods for solving particle transport problems in 2D
Cartesian geometry has been considered. The properties of these methods for transport problems with
isotropic scattering have been analyzed in differential and discretized form. Independent schemes to
discretize the low-order and high-order (transport) equations are used. The performed analysis revealed a
method with a particular linear weight function the low-order equations of which lead to the diffusion
equation in the asymptotic diffusion limit. The resulting low-order NWF equations are discretized with the
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Weight w = w=|Qp [+HQy| | w=1HQ [ HQy| | w=145(Q [+ 2y )
e=10"2 2.57E-1 1.02E-1 1.76E-1 8.49E-3
e=10"3 2.70E-1 9.97E-2 1.81E-1 -7.98E-4
e=10""* 2.71E-1 1.00E-1 1.81E-1 -6.02E-4
e=10""° 2.71E-1 1.00E-1 1.81E-1 -5.81E-4

Table III. Problem 1: Relative Errors of the Scalar Flux in L, Norm

Weight w=1 w=[Qy HQy | | w=1HQ HQy| | w=145(2 HQy)
e=10"2 2.32E-1 8.56E-2 1.55E-1 1.81E-2
e=10"3 2.54E-1 8.82E-2 1.67E-1 1.96E-2
e=10"* 2.56E-1 8.90E-2 1.68E-1 1.99E-2
e=10" 2.56E-1 8.91E-2 1.68E-1 1.99E-2

lumped BLD method. The convergence rates of the proposed iterative method are similar to those of the
QD and DSA methods. We now work on further analysis and development of the NWF methods.

The proposed NWF method that meets the diffusion limit can be used for developing approximate
mathematical models for radiative transfer and particle transport that are similar to the Variable Eddington
Factor (VEF) approach [21]. The VEF methods are based on a set of low-order equations for moments of
the angular flux and some apriori closure relationships, for instance, Levermore-Pomraning or Minerbo
closures [22, 23]. For some class of transport problems, these approximate models can be more accurate
than the flux-limited diffusion model or P; theory. The low-order NWF equations can be used in
combination with, for example, Minerbo closure to derive a model with new features. This area of
application of the NWF methods in 1D and 2D requires further studies.
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