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ABSTRACT
Frequently in the solution of problems using the discrete ordinates method, it would be convenient
to use different quadrature sets in different spatial regions of the problem. For example, when a
problem has a highly diffusive region bounding a void region, using a finer quadrature set in the
void region would reduce the occurrence of ray effects in the void region. In this paper, we present a method for mapping between quadrature set regions while conserving current on the boundary between regions. We also present an example problem showing that our linear mapping routine accurately captures the streaming of particles between two quadrature set regions, and that the
application of flux factors conserves current at the region boundary.
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1. INTRODUCTION
The neutral particle transport equation is dependent on seven variables: three spatial variables,
two angular direction variables, energy, and time. The discrete ordinates method is often applied
as a discretization method in the angular variables. Though methods of using different angular
discretizations in different energy groups have been devised in the past, traditionally a given angular discretization has been applied globally throughout the entire spatial domain of a problem.
However, in many problems it may be advantageous to apply spatial region-based angular discretizations. One example of this is to use a coarser quadrature set in a highly diffusive region
and a finer quadrature set in a streaming region. This would reduce ray effects that occur in
some transport calculations and increase computational efficiency. A second application of quadrature mapping arises in problems with non-orthogonal reflecting boundaries. In these problems,
the quadrature set is not symmetric about the boundary, and quadrature mapping must be performed. In order to avoid errors introduced from mapping between quadrature sets, conservative
mapping algorithms must be developed.
In this paper, we explore a basic linear scheme for fairly simple geometries. The goal of our routine is to conserve partial current across a boundary. The particle conservation is a standard re-
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quirement to provide consistently reasonable results. Our method provides more accurate results
with fewer ordinates and without noticeably increasing the amount of time required to solve the
problem.
Three-dimensional quadrature sets have been analyzed for many years. The first quadrature sets
proposed were the Level-Symmetric quadrature sets. These had the beneficial property of being
rotationally symmetric about all three axes and still being able to integrate lower-order angular
polynomials correctly [1]. Another scheme was the product quadrature sets. These sets allow
the use of a Gaussian distribution over some range of the polar axis (i.e. polar levels) [2] with an
equally-spaced, equally-weighted scheme azimuthally (Chebyshev quadrature) [3]. These
schemes are often referred to as Gauss-Chebyshev quadrature sets, Single Gauss-Chebyshev
quadrature sets (SGC), or Double Gauss-Chebyshev quadrature sets (DGC). Recently, a widely
used quadrature is the Quadruple Range quadrature (QR) developed by Abu-Shumays [4]. This
set is also a product quadrature but it ensures accurate integration on an octant basis. This allows
for angular flux discontinuities along the axis and results in more accurate results in many problems.
While there have been improvements in quadrature sets, a basic flaw of these discretizations has
not been resolved. The fact that the problem must be approximated spatially along a fixed set of
specific directions results in ray effects due to fewer directions than needed in some parts of the
problem, and computational waste due to more directions than needed in other parts of the problem. To alleviate these two predicaments, the use of different quadrature sets in different spatial
regions has been proposed. This work was initially done at Oak Ridge National Laboratory in
the mid-1970s in the D/TORT code [5]. They used a simple method for mapping between different quadrature regions. Along a quadrature region boundary, incoming angular flux was passed
to the nearest exiting angular flux (as determined by the dot product between the two ordinates).
A flux factor was then used to ensure that current density was conserved across the boundary.
The method we are proposing builds on Oak Ridge’s previous method by applying more exact
mapping algorithms.
2. DESCRIPTION OF METHOD
We currently use what we call “linear” mapping. The method uses up to four incoming directions to determine each exiting direction. First, we define the components of the angular direction as:
Ω x = µ ≡ sin θ cos γ ,
Ω y = η ≡ sin θ sin γ ,

(1)

Ω z = ξ ≡ cos θ .

The algorithm now proceeds as follows: first, we find the nearest two polar levels with which
interpolation is possible. We define the distance between polar levels as

d pol = ξ − ξint .
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On each of these polar levels, we then determine the nearest two azimuthal directions with which
interpolation is possible. We define the distance between azimuthal directions as
d azi =

2

( µ − µint ) + (η − ηint )

2

.

(3)

For interpolation to be possible there must be a level above and below the interpolated level, and
azimuthal points to the left and to the right of the interpolated azimuthal point on each level. We
then perform a linear interpolation in µ. If this is not possible (because both points have the
same value of µ), linear interpolation is performed in η. If extrapolation is required, a negative
flux may be found, which we set to zero. We then determine the total incoming current on the
surface and the total outgoing current on the surface. The global flux factor is defined as:
I
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where I is the total number of incoming angles and J is the total number of outgoing angles. This
factor is then applied to all angular fluxes on the exiting face to globally conserve the current
across each face:

 .
Ψj = fΨ
j

(5)

This method is applied to all faces that lie on the boundary.
3. RESULTS

Initial results were obtained using two sample problems. These problems and their results are
discussed in the following sections.
3.1

Two-Cube Test Problem

The test problem is composed of two cubes, one centimeter on each edge, with a 10×10×10 spatial mesh in each cell. The cubes are each separate quadrature regions, and are connected with a
mapping boundary. The problem has one energy group and is a purely absorbing medium with a
constant isotropic source and vacuum boundary conditions. A diagram is shown in Figure 1.
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Figure 1. Sample problem geometry.

The quadrature sets used are the SGC quadrature sets, arranged in a triangular pattern similar to
the level-symmetric quadrature sets. An example is shown in Figure 2. For this arrangement,
with order N, the total number of angles is N×(N + 2).

Triangular SG-C Quadrature
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Figure 2. Triangular Single-Gauss Chebyshev Quadrature Set.
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For this problem, a finer quadrature set results in a more accurate solution. Figure 3 shows computed scalar flux values for various SGC quadrature orders. The converged volume averaged
scalar flux solution for this problem is 0.7499 n/cm2-s. For the SGC-4 solution (left-most point),
there are 48,000 unknowns total, and for the SGC-32 solution (right-most point), there are
2,176,000 unknowns total.
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Figure 3. Scalar flux as a function of quadrature order.

The solutions shown in Figure 3 were obtained using the same quadrature set in both regions.
Now, we will compare these results with those obtained using a different order SGC quadrature
set in each region. The solutions using the following procedure are shown in Figure 4. First, we
run the problem with SGC-4 in both regions (48,000 unknowns; shown as the left-most point)
and increase the order in the right region to SGC-32 while keeping the left region at SGC-4 (left
half of Figure 4). The solution in the left region asymptotes to 0.3680 n/cm2-s, and the solution
in the right region asymptotes to 0.3774 n-cm/s. At this point, there are 1,112,000 unknowns in
the problem. The problem-average solution for this case is 0.3727 n/cm2-s. Next, we increase
the quadrature order in the left region to SGC-32. As we do so, both region solutions asymptote
to 0.3748 n/cm2-s. Here there are 2,176,000 unknowns in the problem. Also shown in the plot is
the solution using one quadrature region. These results show that, as expected, the scalar flux in
the multiple quadrature problem is not as accurate as using the high-order (32) quadrature everywhere, but is more accurate than using the low-order (4) quadrature everywhere.
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Figure 4. Solutions of example problem using different quadrature
set orders in different spatial regions.

In our example, at the center point of the plot, we have reduced the number of angles in the problem by almost a factor of two. The solution at this point is shown in Figure 5. It can be seen in
both figures (a) and (b) that there is a discontinuity in the flux at the center boundary. This is a
result of the use of linear extrapolation in angle when refining from the low-order quadrature set
to the high-order quadrature set. This can be seen by plotting the angular flux along the mapping
boundary for a 1D version of this problem. This plot is shown in Figure 6. In this figure, both
the S4 solution (square points) and the S16 solution (round points) are shown along with the analytic solution at this spatial location. One can see that the scalar flux resulting from the S16
points will be higher than the scalar flux resulting from the S4 points. This results in a small
(~4.76%) discontinuity in scalar flux, which is shown in Figure 7, where the black line is the
analytic in space and angle solution and the green line is the analytic in space, but discrete ordinates in angle, solution. This discontinuity is more pronounced in the spatially discretized solution shown in Figure 5. The remedy to this discontinuity in both flux and current will be researched and presented in subsequent papers.
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(a)

(b)
Figure 5. Scalar flux in the test problem; (a) is a 3D isosurface plot, and
(b) is a 2D slice through the center of the problem. The S4 region is on the
left and the S32 region is on the right of the figures.
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Figure 6. Angular flux at center point of the test problem.

Figure 7. Scalar flux in 1D version of the test problem.
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4. CONCLUSIONS

We have shown that our linear mapping routine accurately captures the streaming of particles
between quadrature set regions, and that the application of flux factors conserves current at the
boundary of the regions. While these results are encouraging, in future papers we will examine
what effect on solution accuracy is provided by more accurate, higher order mapping algorithms,
and will include consideration of more difficult problems.
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