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ABSTRACT
The authors have previously proposed application of the method of characteristics to a 3D nuclear reactor kinetics
methodology and have demonstrated the potential feasibility and efficiency of ray tracing and steady state analysis
for 3D geometries. One possible approach to the derivation of a time-dependent characteristics formulation, which
applies fully implicit time-differencing to the method of characteristics, is now presented. The fully implicit method
of characteristics has been successfully implemented into the MOCK-3D reactor kinetics code package, without
computational acceleration or thermal-hydraulic feedback; however, a unique numerical stability is discussed that
could necessitate the investigation of alternative temporal discretization techniques. Assessment of MOCK-3D is
pursued via application to the 2D TWIGL seed/blanket problem. Because the computation expense of a MOCK-3D
calculation is exorbitant at this early stage in development, spatial resolution and the accuracy of results are severely
limited; nonetheless, the fully implicit time-dependent method of characteristics is shown to capture the dominant
physical phenomena of the 2D TWIGL problem. This analysis provides the first evidence of feasibility for a timedependent method of characteristics calculation, although practical application will require the introduction of
substantial additional sophistication via computational acceleration and/or parallel processing.
Key Words: method of characteristics, time-dependent neutron transport, 3D nuclear reactor kinetics

1. INTRODUCTION
A nuclear reactor kinetics code that can evaluate time-dependent changes to the neutron flux is
an essential component in the suite of tools available for nuclear reactor analysis. Commercial
reactor kinetics codes have traditionally relied on nodal diffusion theory to perform such
computations; however, the accuracy of a diffusion theory solution is limited for a variety of
circumstances: when strong material and/or flux gradients are present, when neutron streaming is
significant, or when neutron scattering contains a strongly anisotropic component. As such
situations have become increasingly more common in commercial nuclear reactor analysis,
recent investigations have pursued an advanced reactor kinetics methodology that utilizes more
accurate neutron transport methods. Time-dependent formulations for finite-differenced discrete
ordinates (SN) methods [1,2], spherical harmonics (Pn) methods [3], simplified spherical
harmonics (SPN) methods [4,5], and variational methods [6] have all been investigated. The
authors have proposed the addition of the method of characteristics to this list of transport
methods that could be utilized in advanced nuclear reactor kinetics analysis [7].
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The method of characteristics is preferred to other transport methods for use in lattice physics
codes due to its superior accuracy in problems with extremely detailed and heterogeneous
material configurations. The method of characteristics could be similarly applicable to certain
time-dependent phenomena – such as near the tip of a control rod during a rod ejection transient
[8] – where spatial heterogeneity is a significant factor. Such an application would necessitate
the modeling of three-dimensional (3D) geometries, however, and for reasons of computational
expense the method of characteristics traditionally has been limited to two-dimensional (2D)
geometry. Recent advances have made feasible an explicit 3D method of characteristics-based
lattice physics calculation [9-12] and in Reference 7 these experiences were applied to the
development of a 3D ray tracing algorithm and steady state method of characteristics solver for
use in a 3D nuclear reactor kinetics methodology. The next required component in such a
methodology – the derivation and numerical computation of a time-dependent formulation for
the method of characteristics – is presented here.
As no other investigation into a time-dependent method of characteristics has been presented in
recent literature, the development of a complete and practically applicable reactor kinetics
package based on the method of characteristics poses a significant undertaking and is beyond the
scope of this work. Instead, the goals of the initial study are to demonstrate the potential
feasibility of such an approach and to point to the most critical needs of future research. To meet
this goal of “proof-in-principle”, simple and well-understood methods are used where possible
and more advanced techniques – including thermal-hydraulic coupling, advanced time-dependent
methods to address stiffness, computational acceleration, and parallel processing – are not
included. In Reference 7 several additional problem simplifications were introduced that
minimize computational inefficiency at the cost of accuracy in the results. Similar choices are
made in the theoretical derivations and practical implementation that are described below.
Section 2 presents a derivation of one possible formulation for a time-dependent method of
characteristics, using the well-known backward differencing approximation that yields a fully
implicit solution to the time-dependent characteristic equation. Section 3 describes iterative
numerical methods that are used to solve this equation, as implemented in the MOCK-3D reactor
kinetics package. A discussion of numerical stability of the fully implicit method of
characteristics is also presented, as this formulation raises unique issues that have not been
previously encountered for other transport methods. Finally, in Section 4, the fully implicit
method of characteristics is applied to the 2D TWIGL seed/blanket problem to provide an initial
developmental assessment. The derivations, results, and discussion presented in this paper are
extracted from a more thorough study that has been recently published in Reference 13.

2. DERIVATION OF A FULLY IMPLICIT FORMULATION FOR THE
TIME-DEPENDENT METHOD OF CHARACTERISTICS
Derivation of the fundamental equations for a time-dependent method of characteristics closely
parallels development of the steady state formulation and will utilize many of the same
techniques and approximations.
For example, both formulations employ the same
transformation from Cartesian to Lagrangian spatial coordinates, discretization of the spatial,
angular, and energy domains, and introduce an appropriate approximation to describe the neutron
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source term. As such methods are well understood and have been investigated at length
elsewhere, these will not be discussed. Instead, emphasis is placed on differences between the
steady state and time-dependent method of characteristics and on circumstances that are unique
to the time-dependent formulation.
The steady state method of characteristics proceeds by discretizing a Lagrangian formulation of
the neutron transport equation, yielding an ordinary differential equation,
i,g
d i, g
1  G i,g' →g i, g ' χ g
i, g
φ +
Φ m ,n , p ( s ) + Σtr Φ m ,n , p ( s ) =
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which is solvable via direct integration over the one-dimensional spatial variable, s . If a timedependent method of characteristics is sought this derivation must be modified by a) omitting the
steady state eigenvalue, keff, and retaining the term from the general neutron transport equation
that describes the time rate-of-change of the neutron angular flux, ∂Φ ; b) separating the
∂t
fission neutron source into prompt and delayed components; and c) introducing a second
equation to describe the time-dependence of the delayed neutron precursor concentrations, Cl .
The result is a set of partial differential equations,
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and

that represent a Lagrangian analogue to the multi-group reactor kinetics equations. The presence
of bars over each of the scalar quantities in Equations (1), (2), and (3) indicates that the constant
source approximation has been applied, while the spatial indices are defined for 3D geometry as
defined in Reference 7. The notation used throughout this derivation is otherwise consistent with
literature on the method of characteristics and time-dependent neutron transport.
Solution of Equations (2) and (3) requires the introduction of one of the direct or indirect
methods that have been developed for use with nodal diffusion theory or other time-dependent
transport methods [14], although not all of these methods are appropriate for use in the initial
development of a time-dependent method of characteristics. To avoid unnecessary complexity in
the resulting equations and to minimize computational expense, one of the simplest yet most well
understood methods – the Θ-Method [15] – is selected for this initial investigation. Specifically,
two particular Θ-Method formulations commonly employed for new methods development have
been investigated: the explicit Euler, or forward-differencing, approximation and the implicit
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Euler, or backward differencing, approximation. As discussed in Reference 13, an explicit
solution to the time-dependent characteristic equation was found to be impractical due to wellknown problems regarding numerical instability as well as unique incompatibilities with the
method of characteristics. A fully implicit formulation is pursued below.
If the backward differencing approximation is applied to the time-dependent characteristic
equation, Equation (2) becomes
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Applying the analogous approximation to Equation (3) yields the backward-differenced
precursor equation,
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Equation (5) can be rearranged to solve for C l
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and substituted into Equation (4), yielding a
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where the effective transport cross section is defined to be
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and the total effective neutron source term is given by
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where γ l = (1 + λl ∆t ) . Equation (6) is identical in form to the steady state characteristic
equation, Equation (1), and can be solved using the same spatial integration technique. The
general solution to Equation (6) will be
−1
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Resolution of the source-term integral on the right-hand side of Equation (9) is complicated by
the presence of the term Φim, g,n, p ( s ) , as the continuous spatial dependence of the neutron angular
T

flux during the previous time step is unknown. A similar problem is encountered by the steady
state method of characteristics, as continuous spatial dependence of the total neutron source
term, Q i , g ( s ) , complicates integration of the steady state characteristic equation. This issue is
traditionally resolved via the introduction of an approximation to account for this spatial
dependence – either by treating the total neutron source as constant in each cell (step
characteristics) or as a linear function of position within the cell and/or along cell boundaries
(linear characteristics). A similar set of approximations can be introduced to simplify spatial
dependence of the neutron angular flux in Equation (9). The simplest approximation is to
assume that the neutron angular flux is constant along a particular track,
T
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where Φ m ,n , p is equivalent to the track-averaged angular flux and can be calculated as in the
steady state method of characteristics according to
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With this substitution, the integral in Equation (9) can now be resolved, yielding
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The assumption that neutron angular flux will be constant along a track segment is overrestrictive and would yield a trivial solution if extended to the full transport problem; i.e. an
unvarying angular flux distribution across the entire problem space. An improved approximation
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that allows for spatial variation is to assume that Φ im, g,n , p ( s ) is a linear function of position along
the track,
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Upon inserting Equation (13) into Equation (9), the neutron angular flux at the location where a
track segment exits the 3D cell is found to be

Φ im, g, n, p

T +1
out

=e

ɶ i ,g ∆s
−Σ
tr
m ,n , p

Φ im, g,n, p

T +1
in

 1
+  i, g
ɶ
 Σtr


ɶ i , g ∆s
−Σ
 i, g
 1 − e tr m ,n , p  Q






  
ɶ i , g ∆s
T
1
−Σ

tr
m ,n , p  


 1 − i , g
1− e
Φ im, g,n , p
.



in
ɶ



   Σtr ∆sm,n, p  





ɶ i , g ∆s
T
1
 1   1   −Σɶ itr,g ∆sm ,n , p 
−Σ

tr
m ,n , p  

−  g   i , g  e
− i,g
1− e
Φ im, g, n, p



out
ɶ 
ɶ

 v ∆t   Σ
 Σ
 
tr 
 tr ∆sm,n, p 


 1  1
+  g   i, g
ɶ
 v ∆t   Σ
tr

(14)

The two simple approximations described above were selected for initial investigation to
minimize complexity of the resulting equations. Prior to implementation and assessment,
however, it is unclear whether either of these approximations is appropriate for use in solving the
time-dependent characteristic equation. In fact, as will be shown in Section 4, this issue cannot
yet be fully resolved. If sensitivity to the order of the neutron angular flux approximation is
found to be significant, a higher-order approximation may be required, such as an nth order
polynomial or exponential function. A more precise estimate of this term could also be derived
via a Taylor polynomial expansion or recursive techniques.

3. NUMERICAL COMPUTATION OF THE FULLY IMPLICIT
METHOD OF CHARACTERISTICS
Having derived a suitable set of equations to represent the time-dependent method of
characteristics, a strategy for numerical solution must next be developed. To this end the fully
implicit method of characteristics presented in Section 2 has been implemented into the 3D
nuclear reactor kinetics code package MOCK-3D that was introduced in Reference 7. Most of
the techniques used in the time-dependent characteristics solver, MOCK-3DK, have been
developed and implemented previously for other fully implicit solutions to the neutron transport
equation and these will be only briefly reviewed in Section 3.1. A more complete description of
the MOCK-3D code package is presented in Reference 13. In Section 3.2 the problem of
numerical stability is addressed in greater detail, as a unique problem is encountered that appears
to be a direct consequence of applying the Θ-Method to a Lagrangian transport solution.
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3.1 Numerical Computation of the Fully Implicit Method of Characteristics
A variety of iterative methods for numerical computation of an implicit solution to the neutron
transport equation have been previously developed and applied to nodal diffusion theory or other
advanced time-dependent transport methods. One of the most common and well understood of
these techniques is fixed source iteration [16], which was selected for use in MOCK-3DK. In
fixed source iteration the transport computation within each time step is recast into a pseudosteady state eigenvalue problem; thus, many of the computational methods that have been
previously developed for solution of the steady state transport equation can be applied with
minimal modification. The most important steps in the fixed source iteration procedure, as
implemented in MOCK-3DK, are briefly summarized below:
•

To begin each time step the delayed neutron precursor concentrations are updated from
the neutron source terms for the previous time step (or, in the first time step, are
estimated from the initial equilibrium reactor state) and then held constant for the
duration of that time step.

•

Outer iteration begins by holding the total fission neutron source constant (prompt and
delayed neutron components) and control passes to the inner iteration.

•

Inner iteration is pursued for each energy group, beginning with the highest energy
group, and upscattering is forbidden. The angular flux distribution for energy group g is
calculated via the track-sweep technique illustrated in Figure 1. Angular flux
calculations within the inner iterate use an appropriate solution for the backwarddifferenced characteristics equation – Equation (12) if the constant angular flux
approximation is used or Equation (14) when using the linear angular flux approximation.

Figure 1: MOCK-3DK Track Sweep Procedure

•

When the complete neutron angular flux distribution has been estimated for energy group
g, the neutron scalar flux distribution and scattered neutron source term are updated and
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convergence of the angular and scalar flux distributions is evaluated. When both
distributions are fully converged, inner iteration is repeated for all lower energy groups.
•

Upon completion of the inner iteration for all energy groups, outer iteration continues
with a calculation of the total fission source for the jth outer iterate in each cell, i, F i ( j ) ,
which is used to update a fixed source eigenvalue, γ ( j ) , according to
F()
∑
)
∑F ( )
i j

γ ( j ) = γ ( j −1

i j −1

i

•

(15)

i

.

It should be noted that in a steady state calculation the eigenvalue has a meaningful
physical interpretation – i.e., the effective multiplication factor, keff . In a time-dependent
calculation γ ( j ) has no comparable physical meaning and is used merely as a tool to
evaluate convergence of the outer iterate. When the outer iterate is found to converge,
the computation proceeds to the next time step.

The nested iteration procedures described above are repeated for each time step in sequence until
the total problem time has elapsed. Because fixed iteration requires the equivalent of a full
steady state computation for each time-step and any computation will include many such time
steps, this initial implementation of the time-dependent method of characteristics is severely
inefficient. While computational efficiency can be improved via the introduction of acceleration
and/or parallel processing, such advanced computational techniques are not yet included and the
modeling capability of MOCK-3DK is somewhat limited, as discussed in Section 4.

3.2 Numerical Stability of the Fully Implicit Method of Characteristics
It is well known that a fully implicit numerical solution to the time-dependent transport equation
will be unconditionally stable for all but a few special circumstances (such as when extremely
rapid temporal phenomena are observed); nonetheless, stiffness in the reactor kinetics equations
necessitates a practical upper limit on time step size to avoid inaccuracies in the transport
solution. When the backwards differencing approximation is applied to a method of
characteristics transport solution, with its unique Lagrangian description of the spatial domain, a
peculiar numerical instability is observed that also sets a lower limit on time step size. To
illustrate this problem, the simplest formulation for the forward-differenced characteristic
equation, Equation (12), is restated with most of the spatial, angular, and energy indices
suppressed for clarity,
T +1
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Equation (16) represents the “constant angular flux” formulation, but the following observations
will hold for the “linear angular flux” formulation as well. From previous experience with the
steady state method of characteristics it is known that the probability that a neutron will not
experience a collision during the time interval ∆t as it traverses the track length ∆s is given by
 1

−
+Σtr  ∆s

 1

−
+Σtr  ∆s

e  v∆t  and, therefore, 1 − e  v∆t  is the probability that a neutron does experience a
collision. Given these definitions, the three terms on the right hand side of Equation (16) can be
interpreted physically as a neutron streaming term, a neutron source term, and a neutron loss
term, respectively. As with the steady state characteristic equation, neutron balance is
maintained where upscattering has been forbidden.
Of particular concern in Equation (16) is the occurrence of the term 1 v∆t , which occurs twice:
within each instance of the collision or non-collision probability and as a multiplier to the
neutron loss term. In the latter case, where 1 v∆t appears within the loss term, a singularity
occurs as ∆t → 0 where the loss term becomes infinite. If ∆t is instead defined to be
infinitesimally small but non-zero, the loss term will still be much larger than the source and
streaming terms and will therefore dominate the solution to Equation (16). To avoid numerical
instability due to this singularity, time step size must be defined to be larger than an
undetermined minimum threshold value. This potential instability is of little practical
importance, however, because in order for the singularity to adversely affect the results of an
implicit calculation, ∆t must be much smaller than would normally be desired. In fact, a similar
singularity appears in spatial finite differencing forms of the reactor kinetics equations as well
and has been successfully resolved in most instances.
The appearance of 1 v∆t within the collision and non-collision probability terms is more
problematic and, because these terms are a direct result of the method of characteristics spatial
integration technique, appears to be unique to a Lagrangian formulation for the time-dependent
transport equation. In this case, if ∆t is defined to be arbitrarily small then 1 v∆t will be much
larger than Σtr and the relevant material effects – i.e., actual neutron collision events – are lost
from the time-dependent transport solution, i.e.

lim e

∆t → 0

 1

−
+Σtr  ∆s
 v∆t


⇒ e−∞ ⇒ 0 .

(17)

A non-collision property of zero implies that every neutron undergoes collision, a result that
would seem to be counter-intuitive. It could be logically deduced that as the time step size
approaches zero then there will be insufficient time for neutron collision events to occur and,
therefore, that the non-collision probability should approach a value of 1. This apparent
inconsistency can be resolved by considering the physics of a time-dependent propagation
problem. For an arbitrary but finite track length, ∆s, a neutron with velocity, v, will require a an
amount of time to traverse the entire length of this track that is given by
t = ∆s .
∆
v
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t then a neutron that originates at one endpoint of the track, ∆s, will not have sufficient
If ∆t < ∆
time reach the opposite endpoint of this track and will be lost, exactly as if it had undergone a
collision event. In fact, as v g represents the mean velocity for neutrons in energy group g, it is
assumed that all neutrons in this group move at the same velocity and all neutrons are lost via
this temporal pseudo-collision process.
t will depend on the material properties and
The precise value for this minimum time step size, ∆
spatial discretization of the particular problem of interest and will be bounded by the value of the
longest track in the problem geometry and by the slowest (thermal) neutrons in the energy group
structure. In an example where thermal neutron velocity is 105 cm/s and track length is 0.5 cm,
t is found to be on the order of 10-6 seconds. When combined with the typical upper time step
∆

limit of ~10-3 seconds, the result is a relatively narrow window of possible time step sizes that
may exclude the modeling of many rapid transients. Moreover, it should be noted that this
numerical instability can be quite difficult to diagnose. In a typical method of characteristics
problem specification, individual track lengths will vary up to an order of magnitude or more and
may in some instances be larger than was specified by the user (a consequence of ray tracing
procedures). If time step size is defined to be close to the lower limit, it is possible that
instability could occur for only certain (the longest) track segments in the problem. As the
numerical result of this instability is a null value for the angular flux at these locations, a
thorough – and impractical – audit of the angular flux distribution may be required to ensure
complete stability and accuracy of the method of characteristics solution. While the latter
problem could be resolved via introduction of computational algorithms, the additional burdens
placed on the user could complicate potential application of this methodology.

4. SOLUTION OF THE 2D TWIGL SEED/BLANKET PROBLEM VIA THE FULLY
IMPLICIT METHOD OF CHARACTERISTICS
A survey of the literature reveals few time-dependent test problems that are suitable for the
assessment of a time-dependent transport code such as MOCK-3DK. Many of the standard test
problems or benchmark problems that are traditionally used to assess and validate reactor
kinetics packages have been designed for the assessment of nodal diffusion theory and thus do
not fully exercise the computational advantages of an advanced transport methodology.
Additionally, most 3D reactor kinetics test problems include large spatial models and such
features as reactivity feedback modeling. These whole-core problems are designed for the
assessment of “best estimate” 3D reactor kinetics codes that will be applied to the analysis of
commercial reactors and coupled to a simultaneous thermal-hydraulics calculation, but such
problems are too large and complicated to be of use in the present work.
One problem that was found to be suitable for developmental assessment of MOCK-3DK is a 2D
seed/blanket problem originally developed to validate the TWIGL diffusion theory code [17] that
has since become a commonly used test problem for time-dependent diffusion theory and
neutron transport codes. The TWIGL seed/blanket problem has not been standardized and a
reference solution is not available; instead, code-to-code comparison is typically utilized to
assess the accuracy of any particular solution. It will be shown, however, that the quality of a
MOCK-3DK solution to the TWIGL problem is not sufficient to enable such an analysis.
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Instead, the preliminary results presented and discussed below are used to make qualitative
judgments about the feasibility of a time-dependent method of characteristics computation and to
direct future research efforts.

4.1 2D TWIGL Seed/Blanket Problem Specifications
The 2D TWIGL problem models a 160.0 cm square reactor consisting of three material regions:
unperturbed seed regions that contain the primary fissile material, an identically composed
perturbed seed region to which time-dependent properties will be introduced, and a blanket
region that contains fissile material and surrounds the core on all sides. The 2D model is laid out
in quarter-core symmetry as shown in figure 2.

Figure 2: Problem Schematic for 2D TWIGL Seed/Blanket Problem

In its initial state, the hypothetical TWIGL reactor is slightly sub-critical (keff = 0.914193) and
perturbed and unperturbed seed regions have identical material properties. The initial two
energy group properties, one delay group constants, and additional kinetics parameters that have
been adapted from Reference 17 are provided in Table 1 through Table 4.
Table 1: Material Properties for 2D TWIGL Seed/Blanket Problem, Seed Regions
Energy
Σtr,g
Σa,g
νΣf,g
Σs,1g
Σs,2g
Group
(cm-1)
(cm-1)
(cm-1)
(cm-1)
(cm-1)
1
2.3810E-01
1.0000E-02
7.0000E-03
2.1810E-01
0.0000E+00
2
8.3333E-01
1.5000E-01
2.0000E-01
1.0000E-02
6.8333E-01
Table 2: Material Properties for 2D TWIGL Seed/Blanket Problem, Blanket Region
Energy
Σtr,g
Σa,g
νΣf,g
Σs,1g
Σs,2g
Group
(cm-1)
(cm-1)
(cm-1)
(cm-1)
(cm-1)
1
2.5641E-01
8.0000E-03
3.0000E-03
2.3841E-01
0.0000E+00
2
6.6667E-01
5.0000E-02
6.0000E-02
1.0000E-02
6.1667E-01
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Table 3: Neutron Generation Parameters for 2D TWIGL Seed/Blanket Problem
Energy
vg
χprompt
χdelay
Group
(m/sec)
(-)
(-)
1
1.0000E+07
1.0000E+00
1.0000E+00
2
2.0000E+05
0.0000E+00
0.0000E+00
Table 4: Kinetics Parameters for 2D TWIGL Seed/Blanket Problem
Delay
βl
λl
Group
(-)
(sec-1)
1
7.5000E-03
8.0000E-02

To perform a time-dependent calculation, the initial sub-critical equilibrium reactor state is made
critical by dividing all of the fission cross sections, νΣf,g, by the given reference value for keff.
Subsequently a delayed super-critical transient is initiated in the seed/blanket reactor by
decreasing the thermal macroscopic transport cross-section, Σtr2 , in the perturbed seed region
from the initial value of 0.83333 cm-1 to a final value of 0.82983 cm-1. Most analyses of the
TWIGL problem perform two separate transient calculations. In the first case, the perturbation is
introduced as a step change at t = 0.0 sec. In the second case, a ramp change is introduced over
the time period 0.0 sec < t < 0.2 sec. In both cases, the suggested total transient time is 0.5
seconds. In this study a third set of calculations is included – a series of null transient
calculations whereby the initial reactor state is modeled in time without introducing any
perturbation to the material configuration.

4.2 Initial Steady State Calculations
A MOCK-3D steady state calculation for the TWIGL problem geometry must be performed to
determine the initial neutron angular flux and delayed neutron precursor concentration
distributions, which are used to initialize all subsequent time-dependent MOCK-3DK
computations. While assessment of the MOCK-3D steady state method of characteristics solver
has been performed elsewhere, a brief examination of these initial computations will assist with
the interpretation of time-dependent results that follow.
It was demonstrated in Reference 7 that computational cell size is the dominant user-defined
parameter affecting the accuracy of a method of characteristics solution. To further assess this
issue and to determine appropriate model parameters for subsequent time-dependent
computations, steady state calculations for the TWIGL problem were performed for a range of
spatial refinement as defined in Table 5.
Table 5: Cell and Lattice Sizes used in MOCK-3D for 2D TWIGL Steady State Calculation
Model
Cell Size
Lattice
Track Separation
(cm)
(cm)
1
0.5
160 x 160 x 160
0.10
2
1.0
80 x 80 x 80
0.20
3
2.0
40 x 40 x 40
0.40
4
4.0
20 x 20 x 20
0.80
5
8.0
10 x 10 x 10
1.60
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All of the models described in Table 5 utilized S4 level symmetric quadrature. Converged values
for the effective multiplication factor, keff, are plotted in terms of cell size in Figure 3, where the
red line indicates the given reference value for keff.

Figure 3: MOCK-3D keff versus Cell Size for 2D TWIGL Steady State Calculation

Figure 3 clearly demonstrates that for increasingly fine discretizations keff approaches the
reference value asymptotically; however, accuracy degrades significantly for cell sizes larger
than 1.0 cm. Such an observation suggests that spatial Model 1 (0.5 cm cell size) or Model 2
(1.0 cm cell size) would be most appropriate for use in the time-dependent calculations, although
Model 3 (2.0 cm cell size) could be considered a reasonable compromise between the concerns
of accuracy and computational efficiency. In practice, however, the computational expense of
the MOCK-3DK time-dependent solver was extremely severe and only Model 5 (8.0 cm cell
size) yielded a feasible time-dependent computation. To clarify the effects of this choice in
spatial model, the two-group steady state neutron scalar flux distributions for Model 5 are
compared to Model 2 in Figure 4 through Figure 7.

Figure 4: MOCK-3D Group 1 Steady State Scalar Flux Distribution for 2D TWIGL with 1.0 cm Cell Size
Joint International Topical Meeting on Mathematics & Computation and
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Figure 5: MOCK-3D Group 2 Steady State Scalar Flux Distribution for 2D TWIGL with 1.0 cm Cell Size

Figure 6: MOCK-3D Group 1 Steady State Scalar Flux Distribution for 2D TWIGL with 8.0 cm Cell Size

Figure 7: MOCK-3D Group 2 Steady State Scalar Flux Distribution for 2D TWIGL with 8.0 cm Cell Size
2009 International Conference on Mathematics, Computational
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Examination of the scalar flux distributions shows that, while absolute accuracy of the Model 5
results will be poor, this model nonetheless captures the dominant physical effects in the TWIGL
problem, most notably the neutron scalar flux peaks at the boundaries of the blanket regions and
a large spike in the thermal neutron scalar flux in the central blanket region.

4.3 Null Transient Calculations
Having generated the initial equilibrium reactor state for the 2D TWIGL problem via MOCK3D, a series of null transient computations was performed. In these calculations the specified
material perturbation is not introduced to the time-dependent reactor; instead, the initial reactor
state is projected forward in time via MOCK-3DK. These simulations are intended to assess
whether MOCK-3DK correctly captures some fundamental reactor phenomena; i.e., that a subcritical reactor will show a decrease in total core power over time, while in a critical reactor the
power will remain constant. Four null transient cases were considered, as described in Table 6.
Table 6: Input Models used in MOCK-3D for 2D TWIGL Null Transient Study
Angular Flux
Case
Material State
Cell Model
Approximation
Case 1
Constant
Sub-Critical
Model 5
Case 2
Constant
Critical
Model 5
Case 3
Linear
Sub-Critical
Model 5
Case 4
Linear
Critical
Model 5

Computation of these null transient cases provides a useful tool to assess the numerical stability
problem that was identified and discussed in Section 3.2. Computations were attempted for time
step sizes ranging between 10-3 seconds and 10-8 seconds and, as seen in Table 7, the existence of
a minimum time step threshold at approximately the expected order of magnitude was verified.
Table 7: Stability of MOCK-3D Computations during 2D TWIGL Null Transient Study
Constant Flux
Linear Flux
∆t
Approximation
Approximation
(sec)
Critical
Sub-Critical
Critical
Sub-Critical
10-3
Stable
Stable
Stable
Stable
10-4
Stable
Stable
Stable
Stable
10-5
Stable
Stable
Stable
Stable
10-6
Unstable
Stable
Stable
Stable
10-7
Unstable
Unstable
Unstable
Unstable
10-8
Unstable
Unstable
Unstable
Unstable

A computation of 200 time steps was completed for each of the stable cases listed in Table 7.
From plots of the total core power versus time for each of these cases, it was determined that the
MOCK-3DK null transients yield the expected physical behavior – total power decreases linearly
for all of the sub-critical reactor cases and remains constant in the critical reactor cases. A
difference was also observed between results that are computed using the constant angular flux
approximation and those computed via the linear angular flux approximation; however, it is
necessary to use a more refined spatial model – and, therefore, substantially increase the
computational efficiency of the MOCK-3DK computational procedures – before a meaningful
assessment can be completed in regards to these numerical effects.
Joint International Topical Meeting on Mathematics & Computation and
Supercomputing in Nuclear Applications (M&C + SNA 2007), Monterey, CA, 2007

15/19

J. B. Taylor and A. J. Baratta

4.4 Step and Ramp Transient Calculations
The step and ramp transient calculations specified in Section 4.1 were performed for three
different time step sizes: 5x10-3 seconds, 5x10-4 seconds, and 5x10-5 seconds. The duration of all
calculations was again limited to 200 time steps and results are presented for the problem state
equivalent to null transient Case 2: the simplest angular flux approximation (constant) is utilized
and the material perturbation is induced in a critical reactor. For the step transient, which yielded
a linear trend in total core power, plots of total power were extrapolated to a total problem time
of 1.0 seconds, as shown in Figure 8.

Figure 8: Extrapolated Power versus Time for 1.0 sec of 2D TWIGL Step Transient

Total core power for the ramp transients is plotted in Figure 9. These trends are not linear and
the results could not be extrapolated beyond the computed 200 time steps; thus, while the trends
are plotted together for convenience, each uses a different time scale and quantitative comparison
of these trends is not implied.

Figure 9: MOCK-3D Normalized Power for 200 Time Steps of 2D TWIGL Ramp Transient
2009 International Conference on Mathematics, Computational
Methods & Reactor Physics (M&C 2009), Saratoga Springs, NY, 2009

16/19

A Time-Dependent Method of Characteristics

A snapshot of the 2D scalar flux distribution was produced for each of the step and ramp
transient calculations identified above. In every case the shape of this profile was similar to that
shown in Figure 6 and Figure 7. A qualitative assessment the effects of the step transient on the
localized scalar flux distribution is achieved by computing the percent change in scalar flux at
each computational point between the beginning and endpoints of the transient calculation.
Figure 10 and Figure 11 show plots of these differences for the step change transient with 10-4
second time steps. Similar scalar flux change distributions were found to result for all of the step
and ramp transients.

Figure 10: Percent Difference between MOCK-3D Group 1 Scalar Flux Values at t = 0
and after 200 Time Steps of 2D TWIGL Step Transient

Figure 11: Percent Difference between MOCK-3D Group 2 Scalar Flux Values at t = 0
and after 200 Time Steps of 2D TWIGL Step Transient
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While the coarse spatial model used in calculating the step and ramp transients resulted in poor
absolute accuracy of the resulting MOCK-3DK solution, as discussed previously, the results
shown above demonstrate that the fully implicit method of characteristics is again capturing the
dominant physical phenomena for this problem. Total core power in all cases exhibits the
behavior that would be expected for a super-critical transient – i.e., a linear increase in power
where reactivity is inserted as a step change at t = 0 and a non-linear increase when a ramped
reactivity insertion is introduced. Notably, Figure 10 and Figure 11 demonstrate that the
localized affects of the material perturbation cause a depression in the scalar flux at the location
of the perturbation, as would be expected. It can be concluded, therefore, that the method of
characteristics is capable of modeling this transient and that most of the inaccuracy is a direct
result of the computational expense associated with this method.

5. CONCLUSIONS
A complete theoretical derivation of a fully implicit method of characteristics formulation, its
implementation into the MOCK-3D reactor kinetics code package, and subsequent application to
the 2D TWIGL problem provide the first evidence of feasibility for a time-dependent method of
characteristics computation; however, this method is extremely computationally expensive and
practical application will require the introduction of computational acceleration and/or parallel
processing. As appropriate acceleration and parallelization techniques have been previously
developed for the 3D steady state method of characteristics [18,19], the problem of
computational expense is not expected to be insurmountable. A more significant issue raised by
this investigation regards the peculiar numerical instability that results from the application of
time-differencing to the method of characteristics. While this instability can be mitigated by
careful modeling of the problem geometry and selection of appropriate time step sizes, the
existence of such an issue suggests that finite differencing of the temporal domain may not be the
most appropriate means for solving the time-dependent characteristics equation. Future research
should, therefore, investigate alternative means for discretizing the temporal domain.
Alternatively, if finite differencing is found to be adequate, the problem of selecting an
appropriate spatial approximation for the angular flux should be more carefully examined once
more accurate results can be obtained.
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