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ABSTRACT
The origin of the Markovian approach can be traced back to 1906; however, it gained explicit
recognition in the last few decades. This overview outlines some important applications of the
Markovian approach, which illustrate its immense prestige, respect, and success. These
applications include examples in the statistical physics, astronomy, mathematics, computational
science and the stochastic transport problem. In particular, the overview highlights important
contributions made by Pomraning and Titov to the neutron and radiation transport theory in a
stochastic medium with homogeneous statistics. Using simple probabilistic assumptions
(Markovian approximation), they have introduced a simplified, but quite realistic, representation
of the neutron/radiation transfer through a two-component discrete stochastic mixture. New
concepts and methodologies introduced by these two distinguished scientists allow us to
generalize the Markovian treatment to the stochastic medium with inhomogeneous statistics and
demonstrate its improved predictive performance for the downwelling shortwave fluxes.
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1. INTRODUCTION
The 20th century opened auspiciously with a significant achievement in probability theory. In a
sequence of highly celebrated papers, starting in 1906, gifted Russian mathematician, A.A.
Markov, generalized various limit laws established for independent random variables (e.g., the
law of large numbers) to dependent ones [1]. The generalization allows a departure from
independence by accepting the dependence on the most recent available information. In other
words, the best prediction of a future event depends on what happens “today,” and any
information from “past” events is irrelevant in such predictions. In the course of his work A.A.
Markov so advanced the theory of dependent variables, now called Markov chains, that it
became applicable to many other areas. Here we outline some important applications of the
Markovian approach and highlight related accomplishments.
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The theory behind the Metropolis-Hastings algorithm relies on the properties of Markov chains.
Since the Metropolis-Hastings algorithm is extremely versatile and allows one to simulate
desired complex multivariable distributions, it has been used extensively in physics and
computational science [2]. The methods based on simulating a Markov chain are applied widely
for solving a system of simultaneous linear equations and integral equations [3].
Other examples are related to the Markov random fields (MRFs), which can be considered a
logical extension of Markov chains on spatially distributed random variables. The Markovian
nature of nearest-neighbor interactions was tackled by one of the greatest mathematical physicist
of the 20th century, C. Chandrasekhar. In his paper "Stochastic Problems in Physics and
Astronomy," published in 1942 and cited more than 1500 times, Chandrasekhar applied the
Markovian approach to derive the statistics of the gravitational field arising from a random
distribution of stars [4]. Specifically, it was assumed that the force acting on a star depends on its
neighboring stars and their spatial distribution is subject to well-defined laws of fluctuations.
Under certain conditions, the MRFs are equivalent to Gibbs random fields (GRFs), which have
been studied extensively in statistical physics during the last several decades. For example, the
Ising model [5], originally suggested in 1920, belongs to the family of the GRFs and is identical
to the binary MRFs. The equivalence between MRFs and GRFs was provided by the
Hammersley-Clifford theorem [6], thus probabilistic tools developed for the GRFs can be
applied for MRFs as the need arises (and vice versa).
Pomraning and his colleagues successfully applied binary MRFs in various kinetic theory
models, which have described the particle transport through a two-component (liquid water and
vapor) stochastic mixture with Markovian statistics [7]. Later, they generalized their approach to
radiative transfer through broken clouds and illustrated [8] that the integrated equation approach
introduced by Titov for a Markovian mixture [9] is equivalent to Pomraning’s differential model
developed in kinetic theory. Below we discuss an application of the Markovian approach for
radiative transfer (RT) in random media.
2. STOCHASTIC RADIATIVE TRANSFER
Let us consider the radiative transfer equation (RTE). The history of the RTE, and its important
practical applications have been discussed appropriately [10-13, and references therein]. In
particular, it was illustrated that the standard RTE can be derived successfully from the Maxwell
equations and its parameters, such as the extinction and phase matrices, have explicit physical
meaning [14]. In last few decades, much attention is given to the stochastic RTE [15, 16, and
references therein], which can be considered as the transport equation with random parameters

ω ∇I (r, ω ) + σ (r ) I (r, ω ) = σ s (r ) g (ω, ω ′) I (r, ω, ω ′) dω ′ + S (r, ω ) ,

∫

(1)

4π

here I (r, ω ) is intensity of radiation at the point r = ( x, y, z ) in direction ω = (a, b, c) , S (r, ω ) is
the external source, σ (r ) , σ s (r ) and g (r,ω,ω') are the extinction coefficient (total cross
section), the scattering coefficient (scattering cross section), and the scattering phase function,
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respectively. Optical properties, σ and σ s , and the external source S are assumed to be random
variables with known statistical properties.
To obtain the mean intensity, one needs to apply a numerical or analytical averaging of the
stochastic transfer equation (1). There are three main steps in the numerical averaging process:
(a) the simulation of a large number of realizations of the inhomogeneous medium with a given
distribution of σ (r ) and σ s (r ) , (b) solving the deterministic radiative transfer equation in each
of the realizations by using well-known techniques [11], and (c) obtaining the statistics of the
intensity after appropriate processing. Several methods have been developed to generate such
realizations (Fig. 1) with given or observed statistical properties [17-20]. Typically, these
methods incorporate one- and two-point statistics. By applying the numerical averaging, one can
obtain the desired statistics of the intensity and other related radiative properties (e.g., mean
radiative fluxes). However, performing the 3D RT calculations for a large number of cloud
realizations is computationally expensive.

Figure.1. Computer realizations of hemispherical images generated by the stochastic models
[21]: cumulus (left) and stratocumulus (right) clouds; cloud bases (gray), sides (white).

Since the numerical averaging requires significant computer time, it is advisable to derive
approximate solutions by using analytical averaging. Such solutions link statistics of optical
properties and radiation. To illustrate that, we consider the obtaining of the ensemble-averaged
intensity of unscattered (direct) radiation Td (r, ω ) in the source-free case ( S =0). Here and
below we will use angular brackets for the ensemble averages. The corresponding equation
represents the simplest case of a purely absorbing (no scattering, or σ s (r ) =0) random medium
ω ∇Td (r, ω ) + σ (r )Td (r, ω ) = 0
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If the boundary condition is
Td (r0 , ω ) = Td ( x, y,0, ω ) = 1; c > 0 ,

(2b)

then we have the solution of Equations (2a) and (2b)
Td (r, ω ) = exp[ − τ (r, r0 ) ] ,

(3a)

where τ (r,r0 ) is the random optical depth
z

1
τ (r, r0 ) = σ (r ′)dξ , r ′ = r + ω × (ξ − z ) / c
c

∫

(3b)

0

Equation (3a) represents well-known Beer’s law of exponential direct transmittance. Since
optical depth τ is random, the direct transmittance Td is random as well.
Here we outline two different methods of obtaining the ensemble-averaged direct transmittance
Td [7, 22]. The first method involves the ensemble averaging of exponential attenuation (3a)
where analytical integration of solution (3a) should be weighted by the corresponding probability
distribution function f (τ ) . In the case of spatially uniform extinction coefficient σ (r ) = σ ,
analytical expressions of Td can obtained quite easily for many commonly-used probability

density functions f (σ ) [23]. Note that this approach also makes it possible to derive the
distribution functions of radiative fluxes as is done by Stephens et al. [24]. When σ fluctuations
are spatially correlated, the Td derivation becomes much more complicated [25, 26] and
analytical expressions of Td

can be obtained only for a limited number of statistical models,

such as models with Gaussian [25, 27] and Markovian [7, 9] statistics.
The second method involves ensemble averaging of Equation (2a). To perform such averaging,
let us represent the extinction coefficient σ and transmittance Td as σ = σ + σ~ and
~
~
Td = Td + Td , where σ~ and Td are the corresponding fluctuating quantities with zero expected
~
values ( σ~ = T =0). With such representation, the ensemble averaging of Equation (2a) gives
d

~
ω ∇ Td + σ Td + σ~ Td = 0

(4)

~
Equation (4) contains unknown term σ~ Td . This term defines the statistical correction to the
transport description and can be described by infinite series with multipoint spatial correlations
σ~ (r1 )σ~ (r2 )Lσ~ (rn−1 ) [7]. In practice, only lower-order statistical moments of σ~ are available.
Thus, for practical applications these infinite series are typically truncated at a specified low
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order. Such truncation is equivalent to the closure procedures [22, 28]. Complex statistical
correlation terms in these infinite series become simpler when σ~ fluctuations are approximated
by some popular statistical models [7, 25, 27].
Under the Markovian model [7], the considered two ways provide the same explicit solution

Td (s ) =

2

∑ Ci exp{− χi s},

(5)

i =1

where coefficients Ci and χi , i = 1, 2 are functions of Markovian model parameters. In the
presence of scattering the Markovian approach allows one to obtain an approximate solution in
the form of two coupled equations [7], which are known as Levermore-Pomraning model,
ω ∇( pi I i ) + σ i pi I i = σ si

∫ g i (ω, ω′) pi I i (ω′)dω′ + pi S i +

4π

pjI j

λj

−

pi I i

λi

,

(6)

where i = 0,1 , j ≠ i , and pi (r ) is the probability of component i of the mixture being at position
r , and the I i (r, ω ) is conditional ensemble-averaged intensity conditioned upon position r
being in component i . The unconditional ensemble-averaged intensity is defined by
I =

2

∑ pi I i

(7)

i =1

This approach has been successfully applied to study neutron transport through randomly
distributed lumps and absorbers [29, 30] and radiative transfer through random media with
Rayleigh scattering [31] and clouds [32, and references therein].
Titov has provided an alternative derivation of two coupled integral equations of the ensembleaveraged intensity [9]
s

I (s ) + C1 p1 ( s ′) I1 (s ′)ds ′ = F

∫

(8)

0

s

p1 (s )I1 (s ) + P11 (s ′, s )C1 p1 ( s ′) I1 (s ′)ds ′ = p1 F ,

∫

(9)

0

where the collision operator is defined by

C1 ( p1 I1 ) = σ 1 p1 I1 − σ s1 g1 (ω, ω ′) p1 I1 (ω ′)dω ′

∫

(10)

4π
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and F denotes the incoming intensity at this point, Pij (s ′, s ) is the conditional probability that
position s is in mixture component j , given that position s ′ is in component i , in Equation (9)
i = j = 1 . In other words, the conditional probability of the cloud presence P11 (s ′, s ) is the
conditional probability of the event (point s is in cloud), given that another event (point s ′ is in
cloud) has occurred.
Coupled integral equations, that are similar to (8)-(10), were obtained early by Avaste and
Vainikko [33] with aim to describe radiative transfer through single-layer broken clouds.
Throughout more than three decades, other researchers continued to create more powerful
mathematical machinery and employ it successfully in the further investigation of complex
cloud-radiation [34, 35] and vegetation-radiation [36] interactions. These achievements include
(1) a set of equations that link the cloud/vegetation statistics (e.g., the unconditional and
conditional probabilities of the cloud presence) with the ensemble-averaged radiative
characteristics and (2) mathematically rigorous methods for their solution. In particular, the
Markovian approach has been applied successfully to study the influence of the stochastic
geometry of broken clouds on solar [34] and thermal [37] radiation, and spatially confined beams
from artificial radiation sources [38].
The considered Markovian models assume that both the cloud size and the cloud spacing are
exponential. Is that Markovian assumption realistic? To describe size distribution of clouds, a
power law [39, 40] has been typically applied. However, for boundary layer convective clouds
[41-43], such as fair weather cumulus and cumulus humilis, the cloud size distributions can be
approximated quite accurately by exponential fits (Fig. 2). Thus, the considered Markovian
models should be appropriate for such clouds. The observed cloud size distributions are applied
to evaluate the predictions of stochastic (Markovian) RT model [32]: in comparison with a
traditional plane-parallel RT model, the stochastic one does provide a significant improvement in
calculations of the downwelling shortwave surface flux.

Figure 2. Distributions of cloud chord lengths [43] obtained in Oklahoma, USA for five
summers (2000-2004). Lines correspond to the best-fit exponential distribution for each year.
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These important results have been accomplished for the statistically homogeneous MRFs. For
such fields, the unconditional probability of the cloud presence p1 does not depend on the
vertical coordinate, and the conditional one P11 (s ′, s ) depends only on the difference between
two points for a fixed direction. As a result, these statistics are unable to describe the vertical
variability of clouds. However, the substantial horizontal changes of cloud properties can be
accompanied with their strong vertical variability. Thus, the extension of the Markovian
approach to random fields with inhomogeneous statistics is highly desirable.

3. CLOUDS WITH INHOMOGENEOUS STATISTICS
Real clouds have strong horizontal and vertical variability. To extend the Markovian approach to
statistically inhomogeneous broken clouds, one has to specify a statistical relationship between
cloud layers. It was demonstrated that (i) the overlap of clouds at two levels tends to fall rapidly
as their vertical separation is increased and (ii) the degree of overlap as a function of level
separation can be described by a simple inverse-exponential expression [44, 45]. Thus, we
assume that the statistical relationship between two adjusted layers is described by inverseexponential expression.
We have performed such an extension by introducing a new statistically inhomogeneous
Markovian model, which represents broken clouds as a set of correlated cloud layers [46]. Each
layer is assumed to be homogeneous in the vertical but inhomogeneous in horizontal dimensions.
For this model, the unconditional probability of the cloud presence p1 can vary strongly with
altitude, and the conditional one P11 (s ′, s ) is a function of the relative positions of two points s ′
and s . As an example, (1) if the points s ′ and s belong to the same kth layer, then
P11 (s ′, s ) = exp(− Ak s ′ − s )(1 − p1k ) + p1k ;

(11a)

(2) if the points s ′ and s belong to different adjacent layers, namely kth and mth layers, then
P11 (s ′, s ) = exp(− Akm s * − s )(P11 (s ′, s *) − p1m ) + p1m ,

(11b)

where the parameter Akm determines the statistical relationship between kth and mth layers.
Note, all these parameters Ak , Akm depend on both the 3D cloud structure and the positions of
points s ′ and s . By changing the values of these parameters, one can describe different
combinations of maximum and random cloud overlaps [46]. It was assumed also that for each kth
layer, the domain-averaged optical properties are constant (piecewise constant approximation):
the extinction σ (r ) = σ ( z ) = σ k and scattering σ s (r ) = σ s ( z ) = σ sk coefficients, and the
scattering phase function g (r, ω, ω ′) = g (z , ω, ω ′) = g k (ω, ω ′) .
Using Equations (11a,b) and the piecewise constant approximation of optical properties
Equations (8)-(10) can be re-written as
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I (s ) =

s

σ s1 (s ′)

∫ σ 1 (s ′) φ (s, s ′) ds ′ ∫ g1 (s ′, ω, ω ′) f (s ′) dω ′ +

Td (s ) F (0 )δ (ω − ω ⊕ ) ,

4π

0

(12)

where f (s ) = σ 1 (s ) p1 (s )I (s ) is the mean collision density, δ (⋅) is Dirac’s delta function.
f (x ) = ∫ k (x, x ′) f (x ′) dx ′ + Ψ (x )

(13)

⎞
σ s1 (z ) g1 ( z, ω, ω′) η (r, r ′) ⎛⎜ r − r ′
⎟
δ
ω
−
2
⎟
⎜ r − r′
σ 1 ( z )2π r − r ′
⎠
⎝

(14)

X

k (x, x ′) =

where X is the phase space of coordinates and directions, x = (r, ω ) . All functions φ , η and ν
are defined by the recurrent expressions [46].
There are three attractive features of the suggested treatment using the statistically
inhomogeneous model. The first important feature is the model flexibility. The suggested model
can describe the different combinations of random and maximum cloud overlaps normally used
in general circulation models. Second is the ability to obtain the relatively few input parameters
for this model from observations. This allows one to make a correct comparison of theory against
experiment. Finally, the statistically inhomogeneous model is a logical extension of the
statistically homogeneous models (single-layer broken clouds). Thus, a beautiful theory and
elegant numerical methods, which were developed for statistically homogeneous models, can be
used as the basis for solving the problem of solar radiative transfer in statistically
inhomogeneous broken clouds.
We have demonstrated [46] that in extreme cases the equations obtained for the mean direct
radiance Td agree with corresponding equations previously derived for (i) statistically
homogeneous broken clouds and (ii) vertically inhomogeneous overcast clouds. Also, we have
estimated [47, 48] the accuracy and robustness of the equations (12)-(14) for diffuse radiance by
comparing the mean radiative properties obtained by two independent methods. The first method
(numerical averaging) provides a reference case. For a given 3D cloud field we calculated
radiative properties. The ensemble- and domain-averaged radiative properties were obtained
after appropriate processing. Since the full 3D cloud geometry is used in the radiative
calculations, the calculated mean radiative properties are considered the reference values. The
second method (analytical averaging) provides an approximate case. Approximated equations for
the mean radiance, which have been derived by analytically averaging the stochastic radiative
transfer equation, are also used for estimating ensemble-averaged radiative properties. Since only
the bulk cloud statistics are used in the radiative calculations, the mean radiative properties
obtained by this method are considered as approximations of the true radiative properties.
The approximated equations provide reasonable accuracy (~15%) for both the ensembleaveraged and domain-averaged radiative properties. Also, the angular distribution histograms
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(Fig. 3) and the photon path length distributions of the mean albedo and transmittance, which
have been obtained by exact and approximated methods, agree qualitatively and quantitatively.
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Figure 3. The mean angular distribution histograms of the transmitted (a,c) and reflected (b,d)
radiation. These histograms [47] were obtained for two values of solar zenith angle (SZA) by
using full 3D cloud structure (reference) and the bulk cloud statistics (approximation).

4. CONCLUSIONS
The historical application of the Markovian approach can be considered a 100-year adventure
from a purely unpractical mathematical problem (dependent random variables) to a powerful tool
with profound practical significance and consequences, which permeate many research areas and
disciplines. The highlighted important achievements of its radiative transfer applications, which
originated primarily from Pomraning and Titov, are additional incontestable evidence that the
Markovian approach provides a convenient and appealing means for more impressive future
accomplishments. The latter may include application of the Markovian approach to polarized
radiation transport in a random mixture [49] of several (more than two) [50] immiscible
materials.
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