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ABSTRACT

The variational approach can be very useful in the study pf@pmate methods, giving a sound
mathematical background to numerical algorithms and caatimnal techniques. The variational
approach has been applied to nuclear reactor kinetic @msatio obtain a formulation of standard
methods such as point kinetics and quasi-statics. moratfgcte multipoint method has also
been proposed for the efficient simulation of space-eneegstents in nuclear reactors and in
source-driven subcritical systems. The method is now fedrah a variational basis that allows a
consistent definition of integral parameters. The mathmalagtructure of multipoint and modal
methods is also investigated, evidencing merits and shiwiittgs of both techniques. Some
numerical results for simple systems are presented andrites evith respect to reference
calculations are reported and discussed.
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1. INTRODUCTION

The kinetic analysis of nuclear reactors requires the solwdf the time-dependent transport
eqguation or some of its approximations coupled with therz@aequations for precursors by
means of suitable numerical techniques. To obtain accteatéts in the simulation of spatial and
spectral transients a large computational effort may bdegeVarious methods have been
developed over the years. The quasi-static method, assdd¢@a point kinetic model for the
amplitude function, has proved to be rather efficient in phomg good results, although in some
cases a large number of expensive shape recomputationsemaguired [1-4]. Some methods
have been proposed to overcome the shortcomings of thelpoettc model used for the
computation on the fast scale of the amplitude functions/éen two shape recalculations. All
the alternative methods developed can be given a unifyingti@nal formulation [5].

In more recent times a variational consistent formulatibthe multipoint method has been
developed [6]. The method can be considered as an effeait@ approach that allows the use
of coupled balance equations on few very large macroregiopsase space. Coupling among
macroregions is physically due to spatial motion and enteagysfer through collisions. Its
application to source-driven system evaluations has ledd¢ellent results [7]. Also the
possibility of its inclusion in a quasi-static frameworkshaeen investigated. In the present work
the variational approach will be used to derive possibleraditives in reactor kinetics models.
The comparisons among different techniques will evideratengialities and shortcomings.
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2. DESCRIPTION OF THE WORK

A variational formulation of a kinetic model in general teport theory can be obtained by
considering a general functional where proper Lagrangdiphiets are introduced [6], and the
contributions of initial and boundary conditions are alscluded:
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A general numberR of families of delayed neutron precursors is here consilere

The operators appearing in expression (1) representsdétector, from which the physical
guantity of interest for the analysis is constructed. Iténit&on plays a crucial role in the
development of approximate kinetic models, having an imié@éson the determination of the
weight functions to be adopted. For instance, if the totalgrgoroduction at a certain instanis
requested, the first term in the r.h.s. of Eq. (1) assumesthe f

Gly| = P (T /dr/dEj{dey E)Si(r, E, T)p(r, E,Q,7), (2)
where~ is the energy release per fission.

On taking the variation of the functional with respect toi@aons of the functions and of the
Lagrange multipliers, one obtains direct and adjoint equat with associated boundary and
initial conditions. Variations of the Lagrange multipkgprovides the initial balance kinetic
equations and variations of the neutron flux and precurslassto obtain balance equations for
the multipliers, which constitute the corresponding atjtime-dependent model:
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where the adjoint soura@ is strictly connected to the definition of the operatd[6] and the
adjoint solution may be physically interpreted as propeitros importance.
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Starting from this general variational formulation of thelplem, approximate models can be
obtained consistently by introducing additional hypo#sesn the behaviour of the physical
guantities and corresponding importances. A well-knowpragch is based on the assumption of
trial (time)-(phase-space) factorized expressions farrdtnowns, neutron flux and delayed
neutron emissivities as well as corresponding adjoints:

J J
o(x,t) = Z (N (t)uj(x = N;(t)bs(x;1),
& a
&i(x,t) = Z (Eij(t)u;(x)) €(x;t) = Z E;j(t)ei;(x:t),
= = 4)

Pl(x,t) = Z <NJT(t)uj(X>> ol (x;t) = Z Nj(t)qﬁ; (x;1),
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This approach allows to reconstruct various well-asseksedic models, such as point kinetics
[5] and quasi-statics [8, 9], if the sums appearing in exgices (4) are reduced to a single term
and introducing phase-space trial functions consistenitly the model under investigation (e.g.,
time-independent for point kinetics).

More in general, starting again from Eqgs. (4) and pluggingagigns (4) into the functiondy, it
is possible to obtain balance equations of all the diffefenttions by setting all variations to
zero. Specifically, when variations with respect to the tfiorections NV j are considered,
first-order kinetic equations are obtained, that can besteénto matrix form as:

d .
= |X) = M 1X) +18), (5)
where the unknown and source vectors, respectively, are:
|X>t = |N17 N27 (ERE) NKa El,la teey El,K7 EQ,I? cey ER,K>t

~ ~ - t 6
8y = 51,52,...,SK,0,...,0> , (6)

having assumed trial functions.

The general structure here devised is suitable to be adaptéte derivation of multipoint kinetic
model if the phase-space trial functions are defined eachspeeific subdomain’;, or, in other
terms, the function,; appearing in Eq. (4) is defined as:

_J 1 only
u; (%) _{ 0 otherwise. (7)

Starting from this subdivision of the system in few subdamavarious multipoint formulations
can be obtained, each one differing from the others accgtdithe assumption made on the
factorization adopted for the adjoint and thus on the défimiof the proper functional [6]. In
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particular, when dealing with subcritical source-drivgatems it is possible to define a
multifunctional multipoint model (MPK-2), based on the @asgption of several adjoint functions,
as many as the subdomains defined. The different adjointsbdaened operating oy and thus
on the adjoint source of the steady-state adjoint problebetsolved. A similar approach is not
feasible for systems departing from a critical state, wiaesangle-functional multipoint model
(MPK-1) is adopted. The coupling characteristics of the tmdtipoint approaches are rather
different and lead to significantly different results fobstitical systems, as will be shown in the
following section.

On the other hand, the phase-space shapagppearing in Eq. (4) can be selected as
time-constant functions suitable to describe the expdmtdaviour of the neutron population. A
classic choice refers to the modes associated to the refereactor, preliminarily determined by
the solution of an eigenvalue problem. In such a case a moeldlad is obtained. The variational
formulation of the modal approach follows the same stepba@gptevious procedure, outlined
above, leading to the definition of a balance equation foatjeint in the form of (3). When a
time-independent adjoint is considered, the problem resglt the evaluation of the solution of
the adjoint eigenvalue problem, to be used for the projacttep.

The modal and nodal approaches, when taken in their lower ¢ré., one mode or one node),
lead to standard point kinetic models for an initially a#i system, obviously allowing different
interpretations, evidencing different physical charasties of the point assumption. When
dealing with subcritical systems, in which the initial nefiece configuration is source-driven, the
multipoint approach reduces to the corresponding poirgtids if a single region is considered,
while the nodal approach still refers to the critical, s@ifice configuration for the definition of
the evolution modes. This difference may play an importal# in the accuracy of the
time-dependent prediction of such methods and they mayals@ut to serve as alternative tools
for the interpretation of experiments [10].

3. RESULTS

Numerical results in various configurations are here pteseno show the different features of
the kinetic models, together with the advantages or shaitags for some specific physical
situations. Multipoint and modal approaches are assesgbdampared to point kinetics and to
reference results, obtained by the inversion of the full balance model

As a first step, one dimensional diffusion calculations ie energy group are performed. The
objective is to study how multipoint and modal approachesd=sal with spatial transients for
both critical and subcritical systems. One family of dethypeutron precursors is now assumed.
The relatively simple configuration allows to compare gaagproximate models results with
reference calculations, being the mathematical probldfrad@int.

An initially critical system is perturbed by a localized asyetrical decrease of the absorption
cross section, amounting to a change of the effective niigiijpon constant ot 257 pcm. A
single-functional multipoint option (MPK-1) is employedith two different subdivision of the
geometrical space into two portions: an optimized onengyo separate and evidence the
perturbed region (case a) and a more crude and less effiggahoThe perturbation localization
and the domain subdivisions are sketched in Fig. 1. To hasedame number of degrees of

2009 International Conference on Mathematics, Computdtiona 4/9
Methods & Reactor Physics (M&C 2009), Saratoga Springs, @92



Variational methods in reactor kinetics

Table |. Percentage error on the system power at various time instants for a transient in a

critical system.

time [ms] || modal | modal | MPK-1 | MPK-1 | PK
(case c)| (case d)| (case a) (case b)
05| —0.14 | —0.14 —0.13 —0.15 | —0.14
1| —0.24 —0.24 —0.23 —0.25 —0.25
10 || -0.60 | —0.64 | —0.92 | —0.96 | —0.95
50 || —1.58 | —1.80 | —3.42 | —3.53 | —3.53
100 | —2.65 | —3.07 | —6.28 | —6.44 | —6.46
500 || —11.00 | —12.91 | —26.53 | —27.13 | —27.17
1000 || —21.35 | —24.89 | —47.51 | —48.41 | —48.47

freedom, two modes are considered for the modal method, Igdhgefundamental spatial
eigenfunction of the Helmholtz operator plus the second ¢athse c) or third (even - case d)
higher harmonics, to study the effectiveness of the usefigrdnt modes. The spatial behavior of
the modes is again represented in Fig. 1. In Table | the pexgemelative error on the total power
is reported at various instants with respect tefarence highly accurate numerical solution. As
one can see, the modal approach yields better results ahalland little is gained by multipoint
with respect to standard point kinetics (PK). In additidre importance of an appropriate choice
of the evolution modes and of the space subdivision can ptailedn the accuracy of the results
obtained. This effect can be of large importance, as it isvehia the following exercises
concerning a subcritical case.

Table I1. Comparison of matrices M adopting the single- and multi-functional option for

MPK. Values arerenormalized to the highest absolute element in the matrix.

MPK-1 MPK-2
—0.98 1.0 4-107° 0| —0.66 1.0 1-107% —2.1074
0.17  —0.20 0 6-107° 0.09 —062 —1-107* 1-1074
8- 1074 0 —6-107° 0|7-1073 0.01 —1-107* 0
0 5-1073 0 —6-10°|6-1073 0.06 0 —1-107*

As a second exercise, a subcritical configuration is cons@jénaving the same geometrical
characteristics as the critical system previously comsileThe external source is symmetrically
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(a) MPK-1 (case a) and modal (case c). (b) MPK-1 (case b) and modal (case d).

Figure 1. Configuration of critical system with a localized perturbatin absorption (shaded in
grey). The characteristics of the two different optionsrfasltipoint and modal calculations are
presented.

located in the center of the system and spans over a 12-craaht&he initial value of. is

0.97. The localized perturbation of the absorption introducé31d pcm reactivity. As pointed
out in the previous section, for subcritical systems it isgiole to give a multi-functional
formulation of the multipoint method (MPK-2), which provessbe more effective since a better
coupling of the macroregions is produced. The role of thgoting can be clearly seen observing
the matrices characterizing the time-system of kineticagiqus. Also in this case two spatial
point are considered and only one family of delayed neutreoyrsors, leading to a 4-by-4
matrix (two points for neutrons and two points for precus3oim he comparison is given in Table
Il for the space subdivision corresponding to case a: olslothe off-diagonal terms are
responsible for the coupling among the points.

The power evolution produced by the different multipointiamodal approaches are summarized
in Table Ill, where percentage errors with respect to refeegesults are reported. The difference
in the performances of the two multipoint options is ratledevant, leading to the obvious choice
of the adoption of the multi-functional version (MPK-2). Cparing these results with the ones
obtained with the modal approach, both methods prove td gighificantly better results with
respect to point kinetics, if the choice of the space subuiniand the definition of the evolution
modes is made on a physically significant basis (case a afithe)importance of this aspect is
well evidenced by the comparison with less efficient cho{case b and d), where the power
prediction obtained are very close to point kinetics resulhe reconstructed space distribution
for the various cases described are given in Figure 2.

4. CONCLUSIONS

The present work assesses the performance of differertickaqgroaches that can be derived by
a unifying procedure based on a variational principle, faated for the time-dependent neutron
and delayed precursor concentrations equations. Besmladastd methods such as point kinetics
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Figure 2. Flux distributions at = 100 ms obtained with different kinetic approaches. Grey area
identifies perturbed region; vertical line indicates sapan between macroregions. Referenge (

modal &); MPK-1 (0); MPK-2 (+); PK (e).
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Tablel11. Percentage error on the system power at varioustimeinstantsfor atransient in a
subcritical system.

time [ms] | modal | modal | MPK-1 | MPK-1 | MPK-2 | MPK-2 PK
(case c)| (case d)| (case a) (case b)| (case a) (case b)

0.1 0.03 -0.26 | -0.11 | -0.19 | =0.02 | -0.24 | —0.18
0.5] —0.004 | —1.40 | -097 | —-1.08 | —-0.28 | —1.27 | —1.07
1] —=0.10 | =2.70 | =2.10 | =223 | —0.64 | —244 | —2.22
5| —1.12 | —886 | —8.09 | =833 | —2.79 | —8.18 | —8.33
100 || —2.69 | —12.11 | —11.45 | —11.72 | —4.51 | —11.48 | —11.73

and quasi-statics, modal and nodal approaches can be hasedhdational formulation. In this
work, a particular attention is given to the multipoint madhand its parenthood with the modal
approach is investigated. While the variational technidlosva a consistent and unambiguous
definition of the integral kinetic parameters, the probldrthe optimization of the multipoint
phase-domain subdivision is yet unresolved and may catestite objective of a further work.
Numerical results are presented for both critical and stibar source-driven systems, discussing
merits and shortcoming of the methods presented.

ACKNOWLEDGEMENTS

The support of ENEA, the Italian National Agency for New Teologies, Energy and the
Environment, and of the Italian Ministry of Education is gfallly acknowledged.

REFERENCES

[1] Henry A.F., The Application of Reactor Kinetics to the Aysis of ExperimentsiNuclear
Science and Engineering, 3, 52—70 (1958).

[2] Devooght J. and Mund E.H., Generalized Quasistatic Meflor Space-time Kinetics,
Nuclear Science and Engineering, 76, 10—17 (1980).

[3] Mika J. R., Amplitude-shape method as an incomplete s#joar of variablestransport
Theory and Satistical Physics, 29, 199-207 (2000).

[4] Dulla S., Mund E. H., Ravetto P., The quasi-static methedsited,Progress in Nuclear
Energy, 50, 908—-920 (2008).

[5] Becker M., A generalized formulation of point nuclear cea kinetics equation$yuclear
Science and Engineering, 31, 458—-464 (1968).

[6] Dulla S., Picca P., Consistent multipoint kinetics fousme-driven system$&rogressin
Nuclear Energy, 48, 617—628 (2006).

2009 International Conference on Mathematics, Computdtiona 8/9
Methods & Reactor Physics (M&C 2009), Saratoga Springs, @92



Variational methods in reactor kinetics

[7] Ravetto P., Rostagno M. M., Bianchini G., Carta M., D’Angelq Application of the
Multipoint Method to the Kinetics of Accelerator-Driven &gmsNuclear Science and
Engineering, 148, 79-88 (2004).

[8] Favorite J. A., Stacey W. M. Jr, A new variational functa for space-time neutronics,
Nuclear Science and Engineering, 125, 101-106 (1997).

[9] Favorite J. A., Stacey W. M. Jr, Variational estimatessdse with the improved quasistatic
method for reactor dynamichluclear Science and Engineering, 126, 282—292 (1997).

[10] Carta M., Bianchini G., D’Angelo A., Bosio P., Ravetto P., Mioring of Subcriticality
Level in Accelerator Driven Systems: Harmonic Modulatedi$e - Spatial Source Jerk
Intercomparisoninter national Conference on Mathematics and Computation, Reactor
Physics and Environmental Analysisin Nuclear Applications, 1, 596—605 (1999).

2009 International Conference on Mathematics, Computdtiona 9/9
Methods & Reactor Physics (M&C 2009), Saratoga Springs, @92



