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ABSTRACT
In this paper, recent advances in parallel software development for solving neutron transport problems
are presented. The method of characteristics is based on the resolution of the differential transport
equation following the tracking lines in order to collect the local angular flux components. Due to the
excessive number of tracks in the demanding context of 3D large-scale calculations, reliable
acceleration techniques are developed in order to obtain a faster iterative solver, especially for
problems with high-scattering ratio. The load balancing strategies include a global round-robin
distribution of tracks, an approach where we forecast the calculation load implied by each track length
and a macro-band decomposition where tracks crossing the same regions are grouped together. The
performance of the PVM and MPI implementations in the characteristics solver is analyzed for
realistic applications.

1. INTRODUCTION
DRAGON[1] is a lattice cell code which uses the Collision Probability (CP) method for solving the
neutron transport equation in arbitrary geometrical domain. A new solver (called MCI) based on the
method of characteristics (MOC) was developed as an alternative technique for 3D domains. For large
problems, the MOC technique is very promising because it does not generate huge CP matrices, and
still provides solutions as accurate as the CP method for general 3D geometries. However, the MCI
iterative solver can converge slowly, especially in the presence of high-scattering media. In order to
minimize the number of iterations, a Self-Collision Rebalancing (SCR) method was designed as an
acceleration method for the MCI sequential solver[2]; this method uses first-collision probability to
recover from the local self-scattering effect. Another new technique, the Track Merging Technique
(TMT), was also designed to reduce the number of tracking lines. Using this technique, two tracking
lines crossing the same regions in the same order are merged together. It can be easily implemented
inside the ray tracing routine that computes the tracks. The TMT is generally very efficient because
more than half of tracking lines can be merged together without loosing any accuracy.
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Based on these ideas, a sequential module MCI was developed in DRAGON to treat supercell 3D
problems with isotropic boundary conditions. This technology was found accurate with respect to
several standard transport problems specific to CANDU reactors, where reactivity devices are
perpendicular to the fuel channels [2]. Using this sequential module, most of regular supercells have
been solved in approximately the same number of outer iterations as in the CP method, even with the
high-scattering ratio due to the heavy water moderator.
Nevertheless, it is still far from possible to solve the transport equation over the complex geometry of
a whole power reactor core without various approximations. However, the exponential growth in
capacity and power of computer resources enables the nuclear engineering community to improve
their computational models and to explore the limits of older models. Nowadays, the threedimensional effects for various critical configurations can be simulated using new parallel algorithms.
Here, we will present one of the most flexible and well-organized algorithms known to perform such
3D state-of-the-art computations in a distributed environment.
The simplified static transport equation for obtaining a flux φ from a source Q is given by:
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where r is a spatial point in the domain D, Ω is a solid angle and E is the energy. The parallelization based on CP method obtained after distributing the energy variable in multi-group solver, as
well as the usual spatial domain decomposition methods, have already been developed a few years
ago [3], and the spectrum of applications for similar techniques has been extended to other related
fields such as radiography [4]. The aim of this paper is to explain the newest approaches based on the
characteristics formulation of the transport equation (1) and to introduce the new parallel
computational techniques implemented to extend the MCI sequential solver.
Recently, domain decomposition techniques have been applied to large-scale parallel transport
calculations using the method of characteristics. The spatial decomposition of multi-assembly
problems where neutron paths are directly linked together when crossing assemblies exhibit limited
speed up (5.3 on 8 processors) on shared memory Sun Entreprise4000 because of tight coupling
between the assemblies [5]. The angular decomposition technique, where directions are distributed
among a set of processors, has also been tested [6]. Speed up obtained using this angular
decomposition is of the order of 3.7 for 4 processors, and 6.8 for 8 processors. These techniques were
restricted to two-dimensional problems, but they give the trend that we are looking for when we apply
our characteristics method to three-dimensional geometries.
The paper is organized as follows. In section 2, we present a brief review of MOC principles, and the
particular 3D implementation of these principles in our solver. Our iterative MOC scheme is also
described with the related acceleration techniques that can be applied in the 3D context. In section 3,
we present different options for the implementation of a general MCI parallel solver. Section 4 is
composed of numerical tests, most of these appearing in CANDU supercells, and the parallel
performance for various parallel options is studied. In the last section, we conclude by a discussion on
prospective future work in order to obtain a large-scale distributed transport solver in the coming
years.
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2. THE 3D CHARACTERISTICS SOLVER MCI
2.1 MOC PRINCIPLES AND SPECIFIC 3D IMPLEMENTATION
The main idea of the method is to solve the differential form of the Boltzmann equation following the
tracking lines (also called “characteristics”). Assuming a finite domain V split into homogeneous
regions, each having a volume Vj, the average (one-group) flux Φj is given by:
V jΦ
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A characteristics line T is determined by its orientation Ω along with a reference starting point p
local
for the
r line. The variable t refers to the
) coordinates ron the tracking line and the function
r
χV j (T , t ) is defined ras 1 if the point p + tΩ on the line T in the region V j , and 0 otherwise.
Assume that a line T cros)ses K regions before reaching the external boundary, and define the
r
crossing points rk = p + t k Ω ordered in the neutron traveling direction. The d 4 T element is then
decomposed into a solid angle element d 2 Ω a corresponding plane element d 2 p . The Γ domain is
covered by a quadrature
set of solid angles and by scanning the plane π Ω) perpendicular to the
)
r
selected direction Ω for the starting point p . The differential transport equation for angular flux that
has to be solved on each segment k is now:
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For the chosen line T(Ω, p) , the collection of segment lengths Lk and region numbers N k for each
region encountered along the line must be calculated (and can eventually be recorded in sequential
binary files). Assuming isotropic input currents at the external boundary and isotropic sources, a
recursive solution can be found from the following simple attenuation equation:

φ k = φ k − 1e − τ +
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where local sources are given by q k = Q N k / 4π , the local total cross sections are σ k =Σ N and total
k
optical paths when crossing the region N k are τ k =Σ N ×Lk . Reciprocity relations allow us to solve
)
)
k
concurrently for direction Ω and for its reverse direction −Ω using the same line; however, the input
currents are not the same at both ends. The scalar flux in region j can be recovered by a reductive
operation over all lines:
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where δ is the Kronecker symbol and ∆φk =φk −φk −1 is the local flux difference.
(3)
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Equations (2-5) are the basis of all characteristics solvers that will be used here under the following
multi-group iterative scheme:
1. Guess new fission sources and incoming currents (outer loop).
2. Guess scattering sources (inner loop).
3. Compute the flux map for each energy group:
(a) compute local solutions for each characteristics line;
(b) apply local acceleration techniques;
(c) perform a reductive sum of all contributions to the flux moments;
(d) apply global inner acceleration techniques.
4. If flux map are not converged, go to 2.
5. Apply global outer acceleration techniques.
6. Compute critical factors for next neutron generation.
7. If not converged, go to 1.
This iterative scheme exhibits good performance only if consistent acceleration techniques are used.
We will now present the current state of work on these acceleration techniques pertinent to the MCI
module in DRAGON.

2.2 SELF-COLLISION REBALANCING TECHNIQUE
As we can see from the iterative scheme described above, we apply at Step 3.(b) any local
acceleration techniques to reduce the number of inner iterations. Several acceleration techniques are
developed and used for MOC [7]. In our characteristics solver, we use the Self-Collision Rebalancing
(SCR) technique [8]. This technique is based on the equivalence between the collision probabilities
method and the method of characteristics. The SCR uses the self-collision probabilities (first-flight
collision probabilities from one region to itself) in order to rebalance the energy distribution of the
scalar flux for each region separately.

2.3 TRACK MERGING TECHNIQUE
In the process of generating tracking lines for a large domain, two successive lines can cross exactly
the same regions with the same direction. Segment lengths can be slightly different: for a reference
length L , one track may have length L+ε while another has L−ε . It was shown that the two tracks
could be merged together with Ο(ε 2) -order of error on the local angular flux. The resulting line takes
the averaged segment lengths and additional weights of the original lines as its properties [8].
Another step in attempting to group together characteristics lines having the same behavior is the
macro-band grouping [7]. In this concept, we identify tracks by the region numbers that they are
crossing. This classification encompasses two different attributes: the spatial regions that are crossed
plus the set of directions that allow this crossing sequence. Once the finite set of these attributes has
been identified, it is possible to define an almost perfectly vectorized process for each macro-band.
This approach could be useful in the context of SMP processors, providing another (fine-grain) level
of parallelism.
(4)
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3. PARALLELIZATION IN THE MCI SOLVER
For cases with a large number of regions, even when using both TMT and SCR techniques, the
iterative solver based on characteristics method can become very expensive. In order to solve such a
large-scale problems with minimum amount of time, we use a parallel approach in the MCI solver.
Parallelization of transport solvers is generally based on domain decomposition; however, this can
include spatial, angular or energy decomposition. In characteristics methods context, the basic
computation unit is focused on repeating the same sequence of calculations on each tracking line.
Obviously, this is the finest granularity level of operations that can be performed without any
communication. The idea is to distribute the tracking lines on several different processors. The
number of lines is much larger than the number of processors available. Therefore, the lines are
grouped and each processor takes control of a group. Several strategies are used to group the lines in
order to load balance the parallel calculation. In the following, we assume that N T represents the
number of tracks and that N P is the number of processors.

3.1 STATISTICAL LOAD BALANCING
These options are statistical in the way that they rely on the uniform distribution of number segments
when grouping tracks. Three of these options have been developed:
ANGL: all tracks of the same direction are grouped together; the number of directions must
be equal to the number of processors;
SPLT: subsets of N T / N P tracks respect the order in which these would be sequentially
generated;
STRD: each tracks is given in a round-robin fashion to each processor, so that track i is on
processor i mod p .

Different tests were performed with these options, and it was shown that the STRD option is the most
efficient in statistically preserving the load balance [9].

3.2 DETERMINISTIC LOAD BALANCING
Only one option was encoded using a deterministic approach based on the calculation load of each
single track:
MCRB: the number of segments of each track is taken into account as a weighting factor for
distributing tracks; each processor receives an equivalent total weight based on the calculation
load.

This option represents the most uniform load balancing. The tests done using this option show
speedups nearly linear and similar to the statistical STRD option [9]. The MCRB option is still under
investigation and, in the context of distributed grid computing, it could help to synchronize the
reduction operations.
(5)
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3.3 PERFORMANCE OF MESSAGE-PASSING ALGORITHMS
After using one of the options described above, the total number of tracks N T is distributed on the
processors. At each iteration step, a multicasting communication process is used to recover the partial
contribution to the angular fluxes; each processor has its own copy of the flux and the source arrays
with the same consistent ordering for unknowns (regions and energies). The scalar flux is then
reconstructed on every single processor before the iteration procedure starts (multicasting
communication process). The original MCI parallel solver was designed and coded in such way it
runs on an arbitrary number of processors using the parallel virtual machine (PVM) environment [10].
Recently, an MPI version of the MCI parallel solver was also implemented to improve the message
passing performance.

3.3.1 PVM IMPLEMENTATION
The angular flux is scattered by one given processor to all others processors belonging to the virtual
machine. A process begins to construct their subpart of the flux and then scatters its results to all other
processes using a pvmfmcast subroutine call. At this level, all processes are synchronized. After that,
every process will receive (pvmfrecv) the results from the others and accumulate their contributions
(loop on other processors). The pvmfrecv subroutine is called N P − 1 times for each process, this
non-collective operation can increase the communication time and can therefore downgrade the
parallel performance.

3.3.2 MPI IMPLEMENTATION
Recently, the MPI version was implemented in the MCI solver to take advantage of the growth of the
MPI library regarding to the collective communication subroutines and of its extended portability [11].
The angular flux is then scattered to all processors by using the Mpi_Bcast subroutine that performs
the send and receive in one synchronized step. When constructing the flux, we have used the
Mpi_Allreduce to perform the collective communication between the process, making the reduction
sum on all contributions at the same time. The reduction sum is then stored in the buffer and a copy is
scattered to all processes (see Fig. 1). In the following, we will compare both implementations.
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Figure 1. Collective communication by reduction sum in MPI implementation.
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4. NUMERICAL RESULTS
Tests were done for CANDU6 absorber rod supercell calculations in 3D geometry [2]. Two horizontal
fuel bundles and one vertical rod compose the domain. Tests were performed on two Beowulf clusters
located at the Center for Research in Computation and its Applications (CERCA) [12]:
Beowulf 1 is a cluster of 16 nodes equipped with AMD Athlon 1.4 GHz processor and 1 GB
memory connected by a Fast Ethernet switched network;
Beowulf 2 is a small SMP composed of 8 QuadXeon multiprocessors, each of these 8 nodes
has 4 processors sharing a 4GB memory. Nodes are connected with a 1 Gb/s Myrinet switch.
All the tests were done using the STRD option with SCR acceleration and with three different levels
of track merging:
No TMT: no track merging at all;
TMT-1: one line can be merged to the next one as the ray tracing is performed, thus this is
equivalent to merging lines on a unique dimension;
TMT-2: more than the previous option, lines are sorted and merging is done on both
dimensions of the perpendicular plane.
In Table I, we vary the density of tracks (DT) (tracks/cm2) and show the CPU time spent by the PVM
implementation of the MCI solver for different number of processors on Beowulf 1. The CPU time
decreases with the number of processors, but this decreases is little lower for the TMT-1 option and
even lower for TMT-2. This is due to the insufficient number of lines of TMT-2, so the
communication time increases faster than computation time as we can see in Figure 2 which
represents the speedup variation with the number of processors. In Table II, we show the speedup
variation of the PVM implementation on both clusters. The speedup on the SMP cluster is almost
linear and the closest to the ideal speedup because the communications are faster. In Figure 3, we
compare the respective speedup curves of the MPI and PVM implementations with and without
merging lines. The MPI speedup curve is more linear than the PVM one for both cases; this is due to
the increased performance of the message-passing MPI collective subroutines. With the PVM
implementation, we begin to lose performance after 8 processors when the communication time
becomes important; this shows that the MPI implementation is more scalable.

CONCLUSIONS
We have presented here the recent developments done in the characteristics solver MCI. To obtain a
fast iterative solver, self-collision rebalancing and track merging techniques were used. Results have
shown that this characteristics solver can offer fast and accurate solutions when implemented with
efficient parallel computation algorithms. The decrease in the computational time strongly depends on
the number of tracks in the domain. When this number is significantly larger than the number of
regions, the computing time is dominant and the parallelism is efficient.
Next step would be to introduce modular ray tracking schemes based on pattern recognition for the
macro-bands. Calculation along characteristics is so simple that mobile agents could be defined to
compute on very limited view of the whole-core system, allowing these solvers to evolve on grid
computers. In order to further improve the parallel performance and to allow for the solver to become
more portable to the SMP architectures clusters, I/O operations could also be performed on the
tracking file using MPI-2.
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Table I. CPU time for the PVM implementation of MCI vs. the number of processors
on Beowulf 1 when varying the tracking density and the track merging.
Number of processors
DT

Track merging

1

2

4

8

12

16

MCI CPU time (s)
2.5

No TMT

70.96

37.38

19.68

11.81

9.93

9.4

2.5

TMT-1

36.28

19.77

10.90

7.13

6.55

6.51

2.5

TMT-2

10.39

6.14

4.36

3.9

4.34

4.5

4

No TMT

114.49

58.92

31.11

17.53

13.66

12.3

4

TMT-1

54.14

28.31

15.67

9.88

8.43

8.28

4

TMT-2

12.29

7.27

4.76

4.25

5.24

5.12

10

No TMT

254.43

132.54

65.95

35.3

25.19

21.52

10

TMT-1

86.61

45.53

23.62

13.43

10.63

9.86

10

TMT-2

13.78

8.16

5.38

4.46

4.91

5.4

Table II. Speedup variations on both clusters for the PVM implementation of MCI
(results are for No TMT or TMT-1 and a fixed density DT = 4).
Number of processors
Beowulf

Track

1

2

4

8

12

16

merging
Speedups
1 (REF)

No TMT

1

1.94

3.68

6.53

8.68

9.60

2 (SMP)

No TMT

1

1.98

3.88

7.48

10.69

13.60

1 (REF)

TMT-1

1

1.89

3.45

5.47

6.42

6.37

2 (SMP)

TMT-1

1

1.96

3.78

6.99

9.38

12.28
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Figure 2. Speedup for different track merging options
(PVM implementation)
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Figure 3. Speedups for PVM and MPI implementation
with and without TMT (DT=10)
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