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ABSTRACT
Simple and flexible two and three-dimensional diffusion and transport coarse mesh methods
are presented for high burn-up UO2 and MOX fuel core simulation. Present coarse mesh
methods use coefficients of simple 5-points (2D) or 7-points (3D) type differential equation
produced by normal finite differential method (FDM) or FDM-like transport calculation with
fine meshes. The present methods have advantages on treatment of heterogeneity within fuel
assemblies. To reduce total calculation time, eigenvalue (outer) iterations are carried out in
coarse mesh calculation. IAEA 3D benchmark calculation and UO2 / MOX fuel assemblies
calculation show that the present methods are about 10 times faster than conventional
methods in calculation times.
1. INTRODUCTION
Due to burn-up extension of UO2 fuel and usage of MOX (Mixed Oxide) fuels in a LWR
core, complexity of reactor core simulation comes to be increased. This complexity causes
necessity of three-dimensional analyses and transport effect consideration in LWR core
simulation. As these calculations need enormous computing resource, various computing
methods are proposed and developed to reduce computing time and memory sizes (unknown
values) [1-3]. Coarse mesh methods (node methods) achieved success in reactor core
simulation. However there is room for improvement on discontinuous factors of neutron
fluxes between neighboring fuel assemblies of high burn-up UO2 fuels and MOX fuels.
Reactor core simulation by three-dimensional finite differential method (FDM) with fine
(fuel pin cell level) meshes treats heterogeneity within fuel assemblies, and needs no
discontinuous factors between fuel assemblies. We have developed a three-dimensional
diffusion coarse mesh method, which uses three-dimensional FDM calculation with fine
meshes for inner (neutron flux distributions) calculation, and 7-points type differential coarse
mesh equation for outer (eigenvalue and neutron source distributions) calculation. The
present method need no discontinuous factor between fuel assemblies, and acquire
remarkable reduction of computing time compared with normal FDM with fine meshes.
Transport calculation needs more computing resource than diffusion calculation extremely.
Recently various acceleration methods with diffusion type calculations are presented such as
diffusion synthetic acceleration (DSA) schemes [2, 3]. We had presented “Solution of Sntype transport Equation by finite differential method”, which uses FDM-like 5-points type
(1)
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differential equation for a two-dimensional Sn-type transport equation [4]. In the paper, we
present more simple FDM-like method of Sn-type transport calculation using 5-points type
differential equation. Additionally the present FDM-like transport calculation method can be
easily combined with previous coarse mesh method.
To evaluate performance of these coarse mesh methods, numerical calculations are carried
out for IAEA three-dimensional diffusion benchmark problem [5] and UO2 / MOX fuel
assemblies transport calculation problem.
2. COARSE MESH METHOD FOR THREE DIMENSIONAL
DIFFUSION CALCULATION
Normal three-dimensional finite differential diffusion method (FDM) uses 7-points type
differential equation:
C0 φ i,j,k =

C1 φ i-1,j,k + C2 φ i+1,j,k + C3 φ i,j-1,k + C4 φ i,j+1,k +
C5 φ i,j,k-1 + C6 φ i,j,k+1 + S i,j,k

(1)

where, C0 to C6 are differential coefficients for diffusion term for mesh (i,j,k), φ i,j,k and S i,j,k
are total flux and source of mesh (i,j,k).
Coarse mesh (I,J,K) and coarse mesh averaged neutron flux (Φ I,J,K) are defined as Fig. 1.
Neutron leakage (J I,J,K) of coarse mesh Φ I,J,K to coarse mesh Φ I-1,J,K can be calculated with
differences between neutron fluxes of fine meshes as:

J I,J,K = Sum 2･D i,j,k D i-1,j,k /( D i,j,k ∆X i-1,j,k+ D i-1,j,k ∆X i,j,k)･∆Y i,j,k･∆Z i,j,k･(φ i-1,j,k -φ i,j,k)
j,k ∈ J,K

(2)

Where, D i,j,k , ∆X i,j,k , ∆Y i,j,k and ∆Z i,j,k are diffusion coefficient and X, Y, Z-direction mesh
widths of fine mesh (i,j,k). Summation covers X-direction boundary fine meshes within the
coarse mesh (I,J,K).
Therefore differential coefficients for coarse mesh can be calculated such as:
Sum 2･D i,j,k D i-1,j,k /( D i,j,k ∆X i-1,j,k+ D i-1,j,k ∆X i,j,k)･∆Y i,j,k･∆Z i,j,k･φ i-1,j,k

j,k ∈ J,K

C1 (I,J,K) =

―――――――――――――――

Φ I-1,J,K
and
(2)

(3)
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C0 (I,J,K) = C1 (I+1,J,K)+ C2 (I-1,J,K)+ C3 (I,J+1,K)+ C4(I,J-1,K) +
C5 (I,J,K+1)+ C6 (I,J,K-1)+
Sum (Σa i,j,k+Σr i,j,k)･∆X i,j,k･∆Y i,j,k･∆Z i,j,k･φ i,j,k

i,j,k ∈I,J,K

/Φ

I,J,K

(4)

where, Σa i,j,k and Σr i,j,k are absorption and removal cross sections of mesh (i,j,k). Coarse
mesh 7-points type differential equation is:

C0 (I,J,K) Φ

I,J,K

where,

S

I,J,K

S

=

Sum S

I,J,K

=

C1 (I,J,K) Φ
C3 (I,J,K) Φ
C5 (I,J,K) Φ
S I,J,K

I-1,J,K

+

I,J-1,K

+

I,J,K-1

+

C2 (I,J,K) Φ
C4 (I,J,K) Φ
C6 (I,J,K) Φ

I+1,J,K

+

I,J+1,K

+

I,J,K+1

+
(5)

is source of coarse mesh (I,J,K) calculated as:

(6)

i,j,k

i,j,k ∈I,J,K

ΦI,J+1,K
J

I,J,K

ΦI-1,J,K

ΦI,J,K

ΦI+1,J,K

φi,j+1,k
φ i-1,j,

φ i,j,

φi+1,j,k

φi,j-1,k

ΦI,J-1,K
Fig. 1 Neutron fluxes of fine meshes and coarse meshes.
(3)
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The present coarse mesh calculation scheme starts with a normal FDM calculation of fine
mesh flux distributions (see Fig. 2). Differential coefficients for coarse mesh are produced
with the equation (3) and (4). Source distribution and eigenvalue are calculated with coarse
mesh calculation of the 7-points type differential equation (5). Coarse mesh calculation loop
is necessary to achieve consistency between fine mesh flux distributions and coarse mesh
flux distributions. Termination of coarse mesh calculation loop is decided with convergence
of coarse mesh source distributions or differential coefficients of coarse meshes.
The present coarse mesh method has similarity to usual coarse mesh acceleration methods of
diffusion calculation. However the present coarse mesh method is able to omit outer iteration
of fine mesh FDM and reduce total calculation time.
The present method has advantages on:
- Treatment of heterogeneity within a coarse mesh such as fuel assemblies.
- Flexibility of calculation geometries such as xyz, rθz or rθψ coordinate systems.
- Possibility of triangle meshes.
by using suitable FDM for inner calculation. Therefore the present coarse mesh method has
simplicity and flexibility.

Coarse mesh calculation loop
Fine mesh FDM

Production of 7-points type coefficients
Eigenvalue (outer loop) Iteration
Coarse mesh calculation (inner loop)
Converged
Terminated
Fig. 2 Calculation scheme of the present coarse mesh method.

(4)
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3. FDM-LIKE TRANSPORT CALCULATION METHOD
A transport calculation considers angular neutron flux. Outgoing boundary angular flux of a
mesh {ψ1,m(x)} is calculated with boundary income angular neutron flux {ψ0,m(x)} and
transmission probability (Tm) of the two dimensional mesh and angle (m) as [4,6]:
ψ1,m(x)= ψ0,m(x) ･ Tm

(7)

Tm = {1 - exp (-Σt ∆ / µm) } / (Σt ∆ /µm)

for area A and C (triangle)

Tm = exp (-Σt ∆ / µm)

for area B (trapezoid)

where, Σt is total cross section, µm is direction cosines of angle m. Boundary angular fluxes
are defined for x-axis boundary (x) and y-axis boundary (y) (see Fig. 3).

A

B

ψ0,m(x)

ψ1,m(x)

C

x-axis

∆

Fig. 3 Areas of a mesh for transmission calculations.
Income neutron current (J

J+ i,j = Sum ψ

i,j,m(X)

+

i,j)

of mesh (i,j) can be presented as:

wm ∆Y i,j

(8)

m ∈M

where, wm is weight of angle m, ∆Y i,j, is Y-direction mesh width of mesh (i,j). Summation
covers X+-direction of M (see Fig. 4).
X and y boundary angular fluxes {ψm(x) and ψm(y)} are calculated with normal sweep
method for every angle of m. 5-points type differential coefficients for the mesh (i,j) can be
presented with ψm(x) and ψm(y) such as:

(5)
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C1 (i,j) = Sum ψ

i,j,m

(x) wm ∆Y i,j

/ φ i-1,j

(9)

m ∈M

and
C0 (i,j)

= C1 (i+1,j)+C2 (i-1,J)+C3 (i,j+1)+C4(i,j-1) + (Σt i,j -Σs i,j )･∆X i,j,･∆Y i,j

(10)

where, Σs i,j is scattering cross sections of mesh (i,j).
Total neutron flux distributions (φ) are calculated with these 5-points type differential
coefficients. However additional angular flux convergence loop is necessary to achieve
consistency between angular neutron flux distributions (ψ) and the total neutron fluxes (φ). In
the paper, we simplify calculation method of differential coefficients with boundary angular
fluxes such as Equation (9) and (10). We present two-dimensional FDM-like transport
calculation methods here. The present method can be extended to three dimensional transport
calculation method with 7-points type differential coefficients.

φi,j+1
φi-1,jJ+i,j
ψ(X)i,j,m

ψ(X)i+1,j,m
φi+1,j

φi,j
φi,j-1

x-axis
Fig. 4

Neutron fluxes and angular fluxes of meshes.

4. COURCE MESH METHOD FOR TWO DIMENSIONAL
TRANSPORT CALCULATION
The present coarse mesh method can be easily applied for the FDM-like transport calculation
method. However differential coefficients for coarse mesh are calculated with Equation (9)
for boundary of coarse mesh (I,J). Fig. 5 shows the present coarse mesh transport method
(CMT) calculation scheme that is similar to that of the diffusion coarse mesh methods (Fig.
(6)
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2). The FDM-like (fine meshes) transport calculation method needs additional angular flux
convergence loop to achieve consistency between angular neutron flux distributions and the
total neutron fluxes. However “coarse mesh transport calculation loop” plays both of
convergence loop of “angular flux and (fine meshes) total fluxes” and “fine meshes total
fluxes and coarse mesh total fluxes”. The present CMT method has advantages on:
- Flexibility of angle numbers for neutron angular flux calculation
- Better convergence performance by differential type equations
- Possibility of arbitrary square meshes [6] and triangle meshes

Coarse mesh transport calculation loop
FDM-like transport calculation for flux distribution
- Angular flux sweep calculation (Once)
- Production of differential coefficients of fine meshes
- Differential calculations

Production of 5-points type coefficients of coarse meshes

Eigenvalue (outer loop) Iteration
Coarse mesh calculation (inner loop)

Converged
Terminated
Fig. 5 Calculation scheme of the present 2D coarse mesh transport (CMT) method.
5. TEST CALCULATIONS OF THE COARSE MESH METHODS
5.1

Coarse mesh method for 3D diffusion calculation

IAEA 3D benchmark calculation is one of standard benchmark problems [5]. Geometry and
cross sections of the benchmark problem are shown in Fig. 6 and Table 1.

(7)
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Table 1 Two-group constants for IAEA 3D benchmark problem

Region
Fuel Type-1
Fuel Type-2
Fuel 2+CR
Reflector
Refl.+CR

D1
1.5
1.5
1.5
2.0
2.0

Σr
0.02
0.02
0.02
0.04
0.04

D2
0.4
0.4
0.4
0.3
0.3

Cross sections : cm-1, Diffusion coefficients: cm.

Σa,1
0.01
0.01
0.01
0.0
0.0

Σa,2
0.08
0.085
0.13
0.01
0.055

υΣf,2
0.135
0.135
0.135
0.0
0.0

Y
Jin=0

Radial Reflector

Fuel Type-1
Fuel Type-2

F

F

20

P

F

F

X

(unit: cm)

20
0

20

280

360 380

Z

F: Fully inserted control rod
Reflector

P: Partially inserted control rod

Reflector

Fig. 6 Geometries of the IAEA 3D benchmark problem.

Fig. 7 shows relation between CPU time and assembly power errors with conventional FDM
and the present method in the IAEA 3D benchmark problem. Assembly power errors are
relative difference from the values of reference power distribution shown in the literature [5].
The present coarse mesh method show remarkable reduction of CPU time compared with the
fine mesh conventional FDM on the IAEA 3D benchmark problem. The present coarse mesh
method shows 10 times faster than fine FDM of the same mesh sizes. However the present
method shows a little larger values of assembly power errors than the fine FDM of the same
mesh sizes, due to difference between convergence criteria of both methods. Eigenvalues of
the present coarse mesh calculation show good agreement with the reference value (1.02903)
(8)
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within 0.1% δk / k. These calculations are carried out with personal computer and COMPAC
visual FORTRAN 6.5 compiler.
Present Method,Average Error
Present Method,Max. Error
FDM,Average Error
FDM,Max. Error

Error of assembly power (%)

25

20

15

10

5

0
0.001

0.01

0.1

1

CPU time (Relative Values)

Fig. 7

5.2

Relation between CPU time and assembly power errors by conventional FDM and
the present method in the IAEA 3D-benchmark problem.

Coarse mesh method for 2D transport calculation

The present methods have advantages on treatment of heterogeneity within fuel assemblies.
We set up a UO2 / MOX fuel assemblies transport calculation problem shown in Fig. 8,
which has heterogeneity of Gd2O3 doped UO2 fuel rods in UO2 fuel assemblies and Pu
enrichment distribution in a MOX fuel assembly. Additionally there are heterogeneity
between UO2 and MOX fuel assemblies. We used geometries and characteristic data of UO2 /
MOX fuel assemblies defined in a literature [7]. Macro cross sections of each fuel rod cell
are listed in Table 2, which are obtained with fuel rod cell calculations using JENDL-3.2 [8]
and the ANISN code [9].
Table 2 Two group constants for a UO2 / MOX fuel assemblies transport calculation problem
Region
Σt,1
UO2 Fuel Rod (6.5 w%)
0.2784
UO2-Gd2O3 Fuel Rod
0.2761
Guide Tube, Inst. Tube*
0.2349
MOX Fuel Rod (12.2 w%) 0.2799
MOX Fuel Rod (9.2 w%)
0.2807
MOX Fuel Rod (4.8 w%)
0.2816
Guide Tube, Inst. Tube** 0.2255
* Water region of UO2 fuel assemblies

Σt,2

0.8925
1.3594
1.0433
1.2064
1.1456
1.0306
0.9280

Σs,1

Σr

υΣf,1

0.7575 0.0132 0.0114
0.8230 0.0130 0.0071
1.0364 0.0235
0.7406 0.0079 0.0210
0.7374 0.0088 0.0176
0.7439 0.0106 0.0118
0.9221 0.0142
** Water region of MOX fuel assembly
(9)

0.2529
0.2464
0.2107
0.2526
0.2539
0.2558
0.2107

Σs,2

(Unit: cm-1)

υΣf,2

0.2552
0.0363
0.7107
0.6285
0.4481
-
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Y

UO 2 Fuel Assembly (1/4)

UO 2 Fuel Assembly (1/4)

UO 2 Fuel Rod (6.5 w%)
UO 2-Gd2O3 Fuel Rod

UO 2 Fuel Assembly (1/4)
Guide Tube, Instrument Tube
MOX Fuel Rod (12.2 w%)

MOX Fuel Assembly (1/4)

MOX Fuel Rod (9.2 w%)
MOX Fuel Rod (4.8 w%)

X

Fig. 8 Geometries and main characteristic data of a UO2 / MOX fuel assemblies transport
calculation problem.
Calculations are carried out with the FDM-like transport calculation method, the present
CMT method and FLEXBURN code [6]. Fuel rod cells are divided into some fine meshes.
Coarse meshes are set as fuel assemblies, that is, 2 x 2 meshes in the CMT calculations. Fig.
9 is an example of power distribution of the UO2 / MOX fuel assemblies, which shows
heterogeneity within and between UO2 / MOX fuel assemblies. Differences of the calculated
values are small between the FDM-like transport calculation method and the CMT method.
Differences of eigenvalues are less than 0.03 % δk / k for the same fine mesh size (Fig. 10).
The maximum and averaged differences of power distributions are less than 1 % and 0.2 %
between both calculation methods respectively. The FDM-like transport calculation method
shows very good agreement with FLEXBURN, which is a well-verified transport calculation
code [7]. Fig. 9 shows that the MOX fuel assembly has larger relative power than the UO2
fuel assemblies. This result is not general in commercial LWRs, because enrichments are not
adjusted in the calculation problem.
The CMT method shows remarkable reduction of CPU time (Fig. 11). It is about 10 times
faster than FDM-like transport calculation methods of the same fine meshes.

(10)
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Relative Power (%)
130-140
120-130
110-120
100-110
90-100

140
130
120
110

17
15

100

13
11

90
9
7
5

Y-direction

3
1
MOX Fuel Assembly

UO 2 Fuel Assemblies

X-direction
Fig. 9

An example of power distribution of the UO2 / MOX fuel assemblies.
(FDM-like transport calculation, 8x8 meshes / fuel rod cell)
1.1454
1.1452

Eigenvalue (k)

1.1450
1.1448
1.1446
1.1444

Coarse mesh
FDM-like Trans.
FLEXBURN

1.1442
1.1440
1.1438
1.1436

2

3

4

5

6

7

8

Number of meshes / a fuel rod cell

Fig. 10 Eigenvalues of the UO2 / MOX fuel assemblies calculated with the FDM-like
transport method and the CMT method.
(11)
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CPU time (Relative values)

1.000

0.100

0.010

Coarse mesh
FDM-like Trans.

0.001
2

3

4
5
6
7
Number of meshes / a fuel rod cell

8

Fig. 11 Relative CPU times of the FDM-like transport method and the CMT method for the
UO2 / MOX fuel assemblies calculations.
CONCLUSIONS
We developed simple and flexible two and three-dimensional diffusion and transport coarse
mesh methods for high burn-up UO2 and MOX fuel core simulation. Calculation equations
and scheme are presented for three-dimensional diffusion coarse mesh methods, which uses
coarse mesh coefficients of 7-points type differential equation produced by normal finite
differential method (FDM) with fine meshes. To reduce total calculation time, eigenvalue
(outer) iterations are carried out in coarse mesh calculation. The present method has
advantages on treatment of heterogeneity within a coarse mesh such as fuel assemblies,
flexibility of calculation geometries (including triangle meshes) by using simple FDM for
inner calculation. IAEA 3D benchmark calculation show remarkable (7-8 times) reduction in
CPU times compared with fine mesh FDM.
Transport calculation needs more computing resource than diffusion calculation. We had
presented FDM-like differential equation method, which uses Sn-type transmission
probabilities of meshes and 5-points type differential equation. In the present paper, we
simplify the FDM-like transport calculation method. The present FDM-like transport method
has advantages on flexibility of angle numbers for angular flux calculation, better
convergence performance by differential type equation and possibility of arbitrary square
mesh and triangle meshes. Additionally the FDM-like transport calculation method can be
easily applied to the present coarse mesh method.
The present coarse mesh transport (CMT) methods have advantages on treatment of
heterogeneity within fuel assemblies. We set up a UO2 / MOX fuel assemblies transport
calculation problem, which has heterogeneity of Gd2O3 doped UO2 fuel rods in UO2 fuel
assemblies and Pu enrichment distribution in a MOX fuel assembly. Additionally there are
heterogeneity between UO2 and MOX fuel assemblies. The CMT method shows remarkable
(about 10 times) reduction of CPU time compared with the FDM-like transport method for
the same fine mesh size. Therefore, the CMT method has possibility of applying full core
calculation. As the CMT methods have simplicity and flexibility, extension to three
dimensional transport calculation is planned in the future.
(12)
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